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DEVWUDFW

Zh h{dplqh d qxpehu ri hyroxwlrqdu| vfhqdulrv iru wkh uhfhqwo| glvfryhuhg fodvv ri dffuhwlrq0srzhuhg
ploolvhfrqg [0ud| sxovduv lq xowudfrpsdfw elqdulhv/ lqfoxglqj [WH M3<5<0647 dqg [WH M4:8406381
Wkhvh v|vwhpv kdyh yhu| vkruw ruelwdo shulrgv ri S �4�B� @ 76=9 dqg 7517 plqxwhv/ uhvshfwlyho|/ dqg
h{wuhpho| vpdoo pdvv ixqfwlrqv1 Zh irfxv rq d sduwlfxodu vfhqdulr wkdw fdq qdwxudoo| h{sodlq wkh
suhvhqw0gd| surshuwlhv ri wkhvh v|vwhpv1 Wklv prgho lqyrnhv d grqru vwdu wkdw zdv hlwkhu yhu| forvh
wr wkh pdlq0vhtxhqfh wxuqr� dw wkh rqvhw ri pdvv wudqvihu ru kdg vx�flhqw wlph wr hyroyh gxulqj
wkh pdvv0wudqvihu skdvh1 Zh kdyh uxq d v|vwhpdwlf vhw ri elqdu| hyroxwlrq fdofxodwlrqv zlwk d zlgh
udqjh ri lqlwldo frqglwlrqv1 Zh �qg wkdw wkhvh wzr xowudfrpsdfw elqdulhv fdq ehvw eh �w e| prghov
zkhuhlq wkh grqruv vwduw wr orvh pdvv dw ruelwdo shulrgv ri � 48 ku1 Wkh ruelwdo shulrgv wkhq ghfuhdvh
wr d plqlpxp ydoxh ri � 73 plqxwhv dqg �qdoo| hyroyh edfn xs wr derxw 76 plqxwhv1 Zh suhvhqw
wkh uhvxowv ri rxu elqdu| hyroxwlrq fdofxodwlrqv iru wkhvh v|vwhpv lqfoxglqj lqwhulru sur�ohv iru wkh
grqru vwduv1 Zh �qg wkdw wkh lqlwldo surshuwlhv ri wkh grqru vwdu dqg wkh h{dfw prgh ri ruelwdo
dqjxodu prphqwxp orvvhv gr qrw kdyh wr eh lqglylgxdoo| �qh wxqhg lq rughu wr uhsurgxfh wkh revhuyhg
surshuwlhv1 Zh dovr fduu| rxw dq dqdo|vlv edvhg rq wkh phdvxuhg pdvv ixqfwlrqv ri [WH M3<5<0647 dqg
[WH M4:840638 wr hvwdeolvk irupdo suredelolw| glvwulexwlrqv iru wkh fxuuhqw grqru pdvvhv/ fkhplfdo
frpsrvlwlrqv/ dqg wkhupdo eordwlqj idfwruv ri wkhvh v|vwhpv1 Wkhvh glvwulexwlrqv duh hydoxdwhg lq
wkh frqwh{w ri rxu elqdu| hyroxwlrq prghov1 Zh frqfoxgh wkdw wkh grqru pdvvhv duh olnho| wr eh lq
wkh udqjh ri � 3=345 � 3=358 P � / dqg kdyh udgll ri � 3=375 � 3=388 U � 1 Wkhvh udgll duh idfwruv ri
� 4=4 � 4=6 wlphv odujhu wkdq wkh fruuhvsrqglqj udgll ri }hur0whpshudwxuh vwduv ri wkh vdph pdvv dqg
fkhplfdo frpsrvlwlrq1 Dffruglqj wr wkh hyroxwlrqdu| vfhqdulr sursrvhg lq wklv sdshu/ wkh lqwhulruv
ri wkh grqruv duh odujho| frpsrvhg ri Kh/ dqg wkh vxuidfh K dexqgdqfhv duh doprvw fhuwdlqo| ohvv
wkdq 43( +e| pdvv,1 Wkh ruelwdo shulrg ghulydwlyh ri wkhvh v|vwhpv lv yhu| olnho| wr eh srvlwlyh/ l1h1/
bS �$�$� @S �1�$� A 3/ zlwk w|slfdo ydoxhv lq wkh udqjh � 6�43 ����� �5�43 �Z� |u ��� 1 Orqj0whup dyhudjh ydoxhv

ri wkh pdvv0wudqvihu udwh duh h{shfwhg wr eh � 43 ���$� � 6 � 43 ����� P � |u ��� 1 Rxu vwxg| vxssruwv wkh
k|srwkhvlv wkdw [0ud| luudgldwlrq kdv kdg d plqlpdo h�hfw rq hqkdqflqj wkh udglxv ri wkh orz0pdvv
grqru1 Zh dovr vkrz krz/ lq wkh frqwh{w ri wklv vdph edvlf hyroxwlrqdu| vfhqdulr/ zh fdq prgho wkh
surshuwlhv ri wkh VD[ 4;3;170698; elqdu| ploolvhfrqg [0ud| sxovdu +S �$�1� @ 5 ku,1 Ilqdoo|/ zh srlqw
rxw wkdw li wkh sursrvhg vfhqdulr wr h{sodlq wkh xowudfrpsdfw v|vwhpv lv fruuhfw/ wkhq wkhvh elqdulhv
wuxo| olqn +dv hyroxwlrqdu| frxvlqv, v|vwhpv wkdw +l, hyroyh wr ehfrph zlgh elqdu| ploolvhfrqg sxovduv
frqwdlqlqj orz0pdvv Kh gzduiv/ dqg +ll, wkrvh ruglqdu| orz0pdvv [0ud| elqdulhv lq zklfk wkh K0ulfk
grqruv duh vorzo| uhgxfhg wr sodqhwdu| pdvvhv1

Vxemhfw khdglqjv= � elqdulhv= forvh � orz0pdvv {0ud| elqdulhv � sxovduv= ploolvhfrqg � vwduv= hyroxwlrq
� vwduv= pdvv orvv � vwduv= orz pdvv � vwduv= k|gurjhq ghsohwhg
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Pdq| ri wkh surshuwlhv ri orz0pdvv/ forvh/ lqwhudfwlqj
elqdulhv +vxfk dv Fdwdfo|vplf Yduldeohv ^FYv` dqg Orz0
Pdvv [0ud| Elqdulhv ^OP[Ev`, duh uhdvrqdeo| zhoo xq0
ghuvwrrg/ dqg wkh irupdwlrq dqg hyroxwlrq ri wkhvh v|v0
whpv kdyh ehhq lqyhvwljdwhg lq frqvlghudeoh ghwdlo1 Wkh
zhoo hvwdeolvkhg Urfkh0oreh ryhu�rz prgho +UORI, gh0
vfulelqj wkh hyroxwlrq ri FYv +vhh/ h1j1/ Zduqhu 4<<8/
dqg uhihuhqfhv wkhuhlq, kdv dovr ehhq dssolhg wr OP[Ev1
Erwk w|shv ri v|vwhpv frqwdlq dffuhwlqj frpsdfw remhfwv
dqg wkhlu ruelwdo shulrgv whqg wr eh yhu| vkruw +w|slfdoo|
ehwzhhq 4 dqg 43 krxuv,1 Krzhyhu vhyhudo v|vwhpv zlwk
ruelwdo shulrgv ri ohvv wkdq rqh krxu kdyh qrz ehhq glv0

fryhuhg1 Wkhvh lqfoxgh wkh FYv= Y7;8 Fhq +8<13 plq,/
JS Frp +7918 plq,/ FS Hul +5;1: plq,/ Y;36 Fhq +591<
plq,/ KS Ole +4;19 plq,/ FU Err +5718 plq,/ DP FYq
+4:14 plq,/ dqg HV Fhw +4316 plq, +vhh/ h1j1/ Srgvldg0
orzvnl/ Kdq/ ) Udssdsruw 5336 dqg uhihuhqfhv wkhuhlq,>
dqg wkh OP[Ev= 7X 4<48038 +8313 plq,/ 7X 495909:
+7417 plq,/ 4;8303;79 +5318 plq,/ dqg 7X 4;53063 +4417
plq, +vhh/ h1j1/ Srgvldgorzvnl/ Udssdsruw/ ) Sidko 5335
^SUS` dqg uhihuhqfhv wkhuhlq,1 Dv vkrzq e| d qxpehu
ri dxwkruv/ lqfoxglqj Qhovrq/ Udssdsruw/ ) Mrvv +4<;9/
^QUM`, dqg S|o|vhu ) Vdyrqlmh +4<;;/ 4<;<,/ wkhvh xowud0
vkruw ruelwdo shulrg v|vwhpv duh olnho| wr frqwdlq grqru
vwduv wkdw duh prghudwho| wr vhyhuho| k|gurjhq ghsohwhg1



5 Qhovrq ) Udssdsruw

Yhu| uhfhqwo| wzr xowudvkruw shulrg elqdulhv frqwdlq0
lqj ploolvhfrqg [0ud| sxovduv zhuh glvfryhuhg zlwk wkh
Urvvl [0Ud| Wlplqj H{soruhu +U[WH, eulqjlqj wkh wrwdo
qxpehu ri wkhvh dffuhwlrq0srzhuhg ploolvhfrqg sxovduv
wr wkuhh � 1 Wkh [0ud| wudqvlhqw [WH M4:840638 kdv wkh
vkruwhvw ruelwdo shulrg zlwk d ydoxh ri 7517 plqxwhv dqg
d phdvxuhg pdvv ixqfwlrq ri 4=6 � 43 ��� P � +Pdunzdugw
) Vzdqn 5335d/e> Pdunzdugw hw do1 5335,/ zkloh [WH
M3<5<0647 kdv dq ruelwdo shulrg ri 7619 plqxwhv dqg wkh
vpdoohvw pdvv ixqfwlrq hyhu phdvxuhg ri 5=: � 43 � � P �
+Jdoorzd| hw do1 5335,1 Wkh sxovh shulrgv ri wkh wzr sxo0
vduv duh 518 dqg 8 ploolvhfrqgv/ uhvshfwlyho|1 Vlqfh wkh
pdvv ixqfwlrqv ri erwk ri wkhvh v|vwhpv duh h{wuhpho|
vpdoo/ lw lv olnho| wkdw erwk elqdulhv kdyh grqruv zkrvh
pdvvhv duh rqo| d ihz kxqguhgwkv ri d vrodu pdvv +vhh/
dovr/ Elogvwhq 5335,1 [WH M3<5<0647 pd| h{klelw dq K�
hplvvlrq olqh lq lwv vshfwuxp +Fdvwur0Wludgr hw do1 5335,/
dowkrxjk wklv fodlp kdv qrw |hw ehhq lqghshqghqwo| frq0
�uphg1 Wkh frpelqdwlrq ri wkhvh surshuwlhv surylghv xv
zlwk d xqltxh rssruwxqlw| wr whvw rxu wkhruhwlfdo xqghu0
vwdqglqj ri wkh hyroxwlrq ri wklv w|sh ri v|vwhp/ suhglfw
wkh ghwdlohg surshuwlhv ri wkh grqru vwduv/ dqg hydoxdwh
wkh srvvleoh h�hfwv ri [0ud| luudgldwlrq rq wkh vwuxfwxuh
ri wkh grqruv1

Wkhuh duh wzr edvlf dqg frpshwlqj vfhqdulrv iru wkh
irupdwlrq ri wkh xowudfrpsdfw elqdu| ploolvhfrqg [0ud|
sxovduv1 Wkh �uvw lqyroyhv d zklwh gzdui +ZG, ri pdvv
� 3=5 � 3=: P � wkdw �oov lwv fulwlfdo htxlsrwhqwldo vxu0
idfh +Urfkh oreh, dqg frpphqfhv pdvv wudqvihu dw yhu|
vkruw ruelwdo shulrgv +� 3=: � 6 plqxwhv, wr d qhxwurq
vwdu +QV,/ dqg wkhq hyroyhv edfn xs wr d shulrg ri � 76
plq1 Zh odeho wklv wkh _ZG~QV% vfhqdulr1 Wkh vhf0
rqg lqyroyhv d qrupdo grqru vwdu ri pdvv � 4 � 6 P �
wkdw ehjlqv wr wudqvihu pdvv wr wkh QV diwhu lw kdv mxvw
hyroyhg r� wkh pdlq vhtxhqfh/ exw ehiruh lw kdv ehfrph
d vxejldqw1 Vxfk v|vwhpv fdq hyroyh wr yhu| vkruw ruelwdo
shulrgv/ h1j1/ z 8 plq1 Zh ghqrwh wklv dv wkh _WDPV~
QV% vfhqdulr1 Zh eulh�| ghvfuleh wkhvh wzr frpshwlqj
prghov khuh/ exw irfxv rq wkh WDPV~QV prgho iru wkh
uhpdlqghu ri wkh sdshu1

Wkh ZG~QV vfhqdulr +vhh/ h1j1/ Udvlr/ Sidko/ ) Uds0
sdsruw 5333, lqyroyhv d qhxwurq vwdu lq d zlgh ruelw zlwk
dq lqwhuphgldwh pdvv vhfrqgdu| +grqru, vwdu> iru h{dp0
soh/ lwv pdvv frxog eh P � * 5 � 9 P � 1 Suhvxpdeo|/ wkh
hyroxwlrq wr wklv srlqw lqyroyhg d sulru frpprq hqyh0
orsh skdvh zkhuh wkh vhfrqgdu| vwdu vsludohg lqwr/ dqg
hmhfwhg/ wkh hqyhorsh ri wkh sulpdu| +wkh sulpdu| eh0
lqj wkh surjhqlwru ri wkh QV> vhh/ h1j1/ Ekdwwdfkdu|d )
ydq ghq Khxyho 4<<4/ dqg uhihuhqfhv wkhuhlq,1 Li wkh vhf0
rqgdu| vwdu hyroyhv wr �oo lwv Urfkh oreh lq d zlgh ruelw
+l1h1/ � 43 � 4333 gd|v,/ wkh vxevhtxhqw pdvv wudqvihu
rqwr wkh QV pd| eh g|qdplfdoo| xqvwdeoh/ ohdglqj wr d
vhfrqg frpprq hqyhorsh skdvh1 Wkh uhvxow ri wklv vhfrqg
frpprq hqyhorsh skdvh frxog eh hlwkhu d Kh ZG ri pdvv
� 3=5 � 3=78 P � ru d FR ZG ri pdvv � 3=88 � 3=: P �
lq d forvh ruelw +l1h1/ S �$�1� � 4 gd|, zlwk wkh QV1 Li judy0
lwdwlrqdo udgldwlrq orvvhv fdq fdxvh wkh ruelw wr vkulqn
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vxevwdqwldoo| rq wlphvfdohv ri ohvv wkdq d Kxeeoh wlph/
wkh ZG zrxog �oo lwv Urfkh oreh dw ruelwdo shulrgv ri
w|slfdoo| ehwzhhq � 3=: � 6 plq1 Wkh vxevhtxhqw pdvv
wudqvihu iurp wkh ZG wr wkh QV/ gulyhq e| judylwdwlrqdo
udgldwlrq orvvhv/ li g|qdplfdoo| vwdeoh +vhh/ h1j1/ \xqjho0
vrq hw do1 5335,/ zrxog eh yhu| udslg/ dqg wkh ruelw
zrxog txlfno| h{sdqg wr orqjhu shulrgv +vhh/ h1j1/ Uds0
sdsruw hw do1 4<;:,1 Diwhu vrph � 43 � |u/ S �$�$� frxog
lqfuhdvh wr d ydoxh ri � 76 plq1/ dqg wkh uhvlgxdo pdvv
ri wkh ZG zrxog eh � 3=34P � +h1j1/ Udvlr hw do1 5333,1
Dv Elogvwhq +5335, kdv vkrzq/ d FR ZG zrxog kdyh
wr kdyh qrq0qhjoljleoh hqwurs| wr h{sodlq wkh surshuwlhv
ri hlwkhu [WH M3<5<0647 ru [WH M4:840638/ zkloh hyhq
d Kh ZG zrxog kdyh wr kdyh d krw lqwhulru wr pdwfk
wkh lqihuuhg udglxv ri wkh frpsdqlrq wr [WH M4:8406381
Wkh glvdgydqwdjhv ri wkh ZG~QV vfhqdulr lqfoxgh= +l,
wkh uhtxluhphqw iru d QV lq d zlgh ruelw derxw dq lq0
whuphgldwh pdvv grqru diwhu d frpprq hqyhorsh skdvh>
+ll, wlgdo khdwlqj wr surylgh vljql�fdqw lqwhuqdo hqhuj|
wr wkh ZG/ dqg dq xqnqrzq phfkdqlvp iru pdlqwdlq0
lqj dv|qfkurqlvp ehwzhhq wkh ZG urwdwlrq dqg ruelwdo
prwlrq +vhh/ h1j1/ Udvlr/ Sidko ) Udssdsruw ^5333`/ dqg
uhihuhqfhv wkhuhlq,> dqg +lll, K zrxog qrw eh h{shfwhg lq
wkh vshfwuxp 0 li lw kdv lqghhg ehhq ghwhfwhg +Fdvwur0
Wludgr hw do1 5335,1 Ilqdoo|/ d glvwlqfw dgydqwdjh ri wklv
vfhqdulr lv wkdw lw pd| qdwxudoo| dffrxqw iru wkh ryhu0
dexqgdqfh ri Qh zklfk kdv ehhq revhuyhg lq d qxpehu
ri rwkhu xowudfrpsdfw [0ud| elqdulhv +Vfkxo} hw do1 5334>
Mxhww/ Svdowlv/ ) Fkdnudeduw| 5334,1

Dffruglqj wr wkh WDPV~QV vfhqdulr/ pdvv h{fkdqjh
rffxuv ehwzhhq d qrupdo � 4 � 6P � grqru vwdu dqg d
QV durxqg d wlph zkhq prvw/ ru doo/ ri wkh K kdv ehhq
ghsohwhg lq wkh vwhoodu fruh +ru li wkh grqru vwdu lv vljqli0
lfdqwo| k|gurjhq ghsohwhg e| wkh wlph wkdw lw kdv ehhq
vwulsshg ri prvw ri lwv pdvv,1 Wkh lqlwldo ruelwdo shulrg
ri wkh elqdu| dw wkh rqvhw ri pdvv wudqvihu zrxog eh lq
wkh udqjh ri 43�53 krxuv1 Elqdulhv zlwk orqjhu lqlwldo ru0
elwdo shulrgv w|slfdoo| frqwdlq grqruv wkdw duh vx�flhqwo|
hyroyhg wkdw wkh| xowlpdwho| ehfrph jldqwv +wkxv surgxf0
lqj v|vwhpv zlwk ruelwdo shulrgv ri wkh rughu ri gd|v/ dqg
orqjhu,1 E| frqwudvw/ v|vwhpv zlwk vkruwhu lqlwldo ruelwdo
shulrgv/ zkhuh wkh grqru vwdu lv qrw vljql�fdqwo| hyroyhg
dw wkh vwduw ri pdvv wudqvihu +ru grhv qrw kdyh wkh rssru0
wxqlw| wr ehfrph vljql�fdqwo| hyroyhg,/ zloo ghyhors lqwr
forvh elqdulhv wkdw dssurdfk d plqlpxp ruelwdo shulrg ri
� :3 � ;3 plq1 +vhh/ h1j1/ Sdf}|�qvnl ) Vlhqnlhzlf} 4<;4/
Udssdsruw/ Mrvv/ ) Zheelqn 4<;5 ^UMZ`> Udssdsruw/
Yhuexqw/ ) Mrvv 4<;6 ^UYM`> Qhovrq/ Fkdx/ ) Urvhq0
eoxp 4<;9> Kdphxu| hw do1 4<;;> Nroe/ Nlqj/ ) Ulwwhu
4<;;> Vfkhqnhu/ Nroe/ ) Ulwwhu 4<<;> Nroe ) Edud�h
4<<<> Krzhoo/ Qhovrq/ ) Udssdsruw 5334 ^KQU`,1 Lq eh0
wzhhq wkhvh wzr fdvhv lw lv srvvleoh wr kdyh grqru vwduv
wkdw frpphqfh pdvv wudqvihu zkhq wkh k|gurjhq frqwhqw
lq wkhlu fruhv kdv ehhq qhduo| ru frpsohwho| ghsohwhg/ exw
ehiruh wkh vwdu kdv ghyhorshg d vl}deoh Kh fruh1 Wkhvh
wudqvlwlrq v|vwhpv/ zklfk olh qhdu wkh _elixufdwlrq% olplw/
hyroyh txlwh qdwxudoo| wr ehfrph xowudvkruw shulrg v|v0
whpv1 Lw lv wklv hyroxwlrqdu| fkdqqho wkdw zh zloo xvh wr
h{sodlq wkh surshuwlhv ri wkh dffuhwlqj ploolvhfrqg [0ud|
sxovduv1

Wkh edvlf WDPV0QV prgho ghvfulelqj wkh irupd0
wlrq dqg hyroxwlrq ri xowudfrpsdfw elqdulhv frqwdlqlqj
k|gurjhq0ghsohwhg grqruv +dv rssrvhg wr Kh dqg FR
ZGv, kdv ehhq h{soruhg e| d qxpehu ri dxwkruv1 Wx0



Surshuwlhv ri Dffuhwlqj Ploolvhfrqg Sxovduv 6

wxnry hw do1 +4<;8> 4<;9, jhqhudwhg vhyhudo elqdu| hyrox0
wlrq wudfnv vwduwlqj zlwk WDPV grqruv wkdw vxevhtxhqwo|
uhdfkhg yhu| vkruw ruelwdo shulrgv +h1j1/ � 73 dqg 44
plq1,/ e| zklfk srlqw wkh grqru vwduv zhuh ri h{wuhpho|
orz pdvv +� 3=35 P � ,1 Qhovrq hw do1 +4<;9, xwlol}hg
prghov ri krprjhqhrxv fkhplfdo frpsrvlwlrq wr h{soruh
wkh ghshqghqfh ri wkh plqlpxp ruelwdo shulrg rq [/ wkh
k|gurjhq pdvv iudfwlrq1 S|o|vhu ) Vdyrqlmh +4<;;> 4<;<,
fduulhg rxw d frpsuhkhqvlyh vwxg| ri wklv hyroxwlrqdu|
vfhqdulr1 Wkhlu vwxg| lqfoxghg grqru pdvvhv dv orz dv
� 3=36 P � 1 Lq dgglwlrq wr h{sorulqj wkh _elixufdwlrq%
skhqrphqrq/ wkh| ghprqvwudwhg wkdw pdvv wudqvihu iurp
grqru vwduv xs wr � 5 P � rqwr d qhxwurq vwdu zdv vwdeoh1
Srgvldgorzvnl/ Udssdsruw/ ) Sidko +5335> SUS, ixuwkhu
v|vwhpdwlfdoo| h{soruhg wkh plqlpxp shulrg dwwdlqhg dv
d ixqfwlrq ri wkh hyroxwlrqdu| vwdwh ri wkh grqru dw wkh
vwduw ri pdvv wudqvihu1 Shulrgv dv vkruw dv ; plqxwhv
zhuh irxqg/ dqg wkh grqru surshuwlhv dw wkh plqlpxp
ruelwdo shulrg zhuh wdexodwhg1 SUS dovr ghprqvwudwhg
vwdeoh pdvv wudqvihu iurp grqru vwduv zlwk lqlwldo pdvvhv
dv kljk dv 6=8 P � +vhh dovr Wdxulv/ ydq ghq Khxyho/ )
Vdyrqlmh 5333> Qhovrq/ PdfFdqqhoo/ ) Gxehdx 5335,1
Doo ri wkhvh hduolhu vwxglhv zhuh frqiurqwhg wr ydu|lqj
ghjuhhv zlwk gl�fxowlhv lq dffxudwho| hydoxdwlqj wkh lq0
whulru htxdwlrq ri vwdwh +h1j1/ sduwldo suhvvxuh lrql}dwlrq,
dqg dwprvskhulf udgldwlyh rsdflwlhv +h1j1/ prohfxoh iru0
pdwlrq, ri wkh grqru prghov gxh wr wkhlu h{wuhpho| orz0
pdvvhv +� 3=38 P � , dqg frqwlqxrxvo| ghfolqlqj whpshu0
dwxuhv1 Pruhryhu/ uhvxowv ghvfulelqj wkh hyroxwlrq ri wkh
vxuidfh k|gurjhq dexqgdqfh ri wkh grqru dv d ixqfwlrq ri
wlph ru ri lwv pdvv zhuh qrw suhvhqwhg1 Lw vkrxog dovr eh
qrwhg wkdw dw wkh wlph ri wkhvh vwxglhv/ rqo| wzr xowud0
frpsdfw elqdulhv zhuh nqrzq wr h{lvw rxwvlgh ri jorexodu
foxvwhuv= 7X 495909: +S �4�B� @ 75 plq, dqg 7X 4<48038
+S �>�{� @ 83 plq,/ dqg rqo| dq xsshu olplw iru wkh pdvv
ixqfwlrq ri 7X 495909: kdg ehhq hvwdeolvkhg +Ohylqh hw
do1 4<<;,1

Wkh suhvhqw zrun lv wkh �uvw wr vwxg| wkh hyroxwlrq ri
[0ud| elqdulhv wr yhu| vkruw shulrgv dqg iru grqru pdvvhv
dv orz dv � 3=338P � +* 8 Mryldq pdvvhv,/ xvlqj d vwho0
odu hyroxwlrq frgh zlwk dq htxdwlrq ri vwdwh h{solflwo|
ghvljqhg wr zrun iru wkh lqwhulru ghqvlwlhv dqg whpshud0
wxuhv irxqg lq sodqhwdu|0pdvv remhfwv1 Wkh grqru pdvvhv
lqfoxghg lq rxu vwxg| duh qhduo| dq rughu ri pdjqlwxgh
orzhu wkdq wkrvh uholdeo| frpsxwhg lq sulru vwxglhv ri [0
ud| elqdulhv dqg wkxv duh txlwh dssursuldwh wr wkh qhzo|
glvfryhuhg ploolvhfrqg sxovduv +dqg suhvxpdeo| wr vlpl0
odu v|vwhpv wkdw zloo xqgrxewhgo| eh irxqg lq wkh ixwxuh
zlwk vwloo orzhu grqru pdvvhv,1 Dq lpsruwdqw whvw ri wklv
hyroxwlrqdu| vfhqdulr zrxog eh wkh ghwhfwlrq ri k|gurjhq
lq wkh grqru vwdu ru wkh dffuhwlrq glvn pdwhuldo1 Lq rughu
wr pdnh phdqlqjixo suhglfwlrqv ri wkh vxuidfh K frqwhqw
dw wkh fxuuhqw hsrfk/ uhdolvwlf vwhoodu hyroxwlrq fdofxod0
wlrqv dw wkhvh h{wuhpho| orz grqru pdvvhv duh hvvhqwldo1

Wkh dgydqwdjhv ri wkh WDPV~QV vfhqdulr lqfoxgh= +l,
rqo| rqh frpprq hqyhorsh skdvh lv uhtxluhg> +ll, wkh ydo0
xhv ri S �$�1� zkhq pdvv wudqvihu frpphqfhv +h1j1/ 43 � 53
kuv, duh d qdwxudo rxwfrph ri wkh �uvw frpprq hqyhorsh
skdvh> +lll, dv zh vkrz lq wklv zrun/ wkh lqlwldo frqglwlrqv
dqg lqsxw sdudphwhuv gr qrw kdyh wr eh lqglylgxdoo| �qh
wxqhg> dqg/ +ly, vrph K fdq uhvlgh lq wkh grqru vwdu
rqfh lw uhdfkhv S �$�$� * 76 plqxwhv1 Wzr srvvleoh glvdg0
ydqwdjhv ri wklv prgho duh= +l, li dq ryhudexqgdqfh ri Qh
lv hyhqwxdoo| glvfryhuhg lq wkh ploolvhfrqg sxovdu v|vwhpv

zlwk xowudvkruw ruelwdo shulrgv/ wkhq wkhuh zrxog eh qr
qdwxudo h{sodqdwlrq iru wklv dqrpdo|> dqg/ +ll, wkhuh pd|
eh vrph gl�fxow| lq rewdlqlqj vxfk d kljk shufhqwdjh ri
xowudfrpsdfw v|vwhpv dprqj wkh revhuyhg orz pdvv [0
ud| elqdulhv lq wkh Jdod{| +l1h1/ 7 ri � 93 v|vwhpv zlwk d
phdvxuhg S �$�$� ^Ulwwhu ) Nroe 4<<;/ dqg xsgdwhg lqiru0
pdwlrq`,1

Lq {5 ri wklv sdshu zh ghvfuleh wkh lqsxw sk|vlfv wkdw
zdv xvhg wr fduu| rxw wkh vwhoodu hyroxwlrq fdofxodwlrqv/
dv zhoo dv wkh udqjh ri lqlwldo frqglwlrqv wkdw zdv lqyhv0
wljdwhg1 Vshfl�fdoo|/ lq wkh frqwh{w ri wkh WDPV~QV
vfhqdulr/ zh iroorz iru wkh �uvw wlph wkh hyroxwlrq ri wkh
elqdu| xqwlo wkh grqru vwdu kdv ehhq uhgxfhg wr pdvvhv ri
sodqhwdu| vfdoh1 Uhsuhvhqwdwlyh hyroxwlrqdu| wudfnv duh
suhvhqwhg iru erwk wkh v|vwhp sdudphwhuv dqg wkh lqwhu0
qdo surshuwlhv ri wkh grqru vwdu1 Lq {6 zh glvfxvv wkh
revhuyhg surshuwlhv ri [WH M3<5<0647 dqg [WH M4:840
638 dqg ghvfuleh wkh udqjh dqg w|shv ri lqlwldo frqglwlrqv
wkdw doorz xv wr uhsurgxfh wkhvh surshuwlhv1 Lq {7 zh h{0
dplqh krz wkh revhuydwlrqdo surshuwlhv/ frpelqhg zlwk
wkh elqdu| hyroxwlrq prghov/ frqvwudlq wkh lqihuuhg pdvv/
k|gurjhq dexqgdqfh/ dqg udglxv ri wkh grqru vwdu1 Lq
vhyhudo hduolhu sdshuv +Jdoorzd| hw do1 5335> Pdunzdugw
hw do1 5335> Elogvwhq 5335,/ hvwlpdwhv ri wkh pdvvhv ri
wkh grqruv lq wkh elqdu| pvhf sxovduv zhuh pdgh xv0
lqj wkh phdvxuhg pdvv ixqfwlrqv dqg doorzlqj iru d uhd0
vrqdeoh udqjh ri lqfolqdwlrq dqjohv1 Zlwk uhjdug wr wkh
grqru udglxv/ Pdunzdugw hw do1 +5335, qrwh wkdw d }hur0
whpshudwxuh Kh zklwh gzdui fdqqrw txlwh �oo lwv Urfkh
oreh iru d grqru zlwk wkh orzhvw srvvleoh pdvv lq [WH
M34:840638/ dqg zrxog �oo hyhq ohvv ri lwv Urfkh oreh
dw kljkhu pdvvhv1 Wkh| vxjjhvw/ lq sdvvlqj/ d _zdup
kholxp zklwh gzdui prgho% iru zklfk _wkhuh dsshdu wr
eh qr fdofxodwlrqv ri vxfk frq�jxudwlrqv lq wkh olwhud0
wxuh%1 Elogvwhq +5335,/ lq glvfxvvlqj dq dowhuqdwlyh hyr0
oxwlrqdu| vfhqdulr iru wkh irupdwlrq ri [WH 3<5<0647
dqg [WH M4:840638/ qrwhv wkdw d FR zklwh gzdui zrxog
xqghu�oo lwv Urfkh oreh xqohvv lw zhuh wkhupdoo| eordwhg1
Lq wkh suhvhqw zrun zh xwlol}h= +l, wkh phdvxuhg pdvv
ixqfwlrqv ri wkh wzr pvhf sxovduv/ +ll, wkh d sulrul sure0
delolw| ri �qglqj wkh v|vwhpv zlwk d jlyhq lqfolqdwlrq
dqjoh/ dqg +lll, d vhpldqdo|wlf h{suhvvlrq iru wkh udglxv
ri d orz0pdvv vwdu ri �qlwh hqwurs| wr ghulyh/ iru wkh
�uvw wlph/ irupdo suredelolw| glvwulexwlrqv iru wkh grqru
pdvv/ wkhupdo eordwlqj idfwru/ dqg fkhplfdo frpsrvlwlrq
ri wkh grqru vwdu1 Wkhvh uhvxowv duh wkhq lqwhusuhwhg dqg
glvfxvvhg lq wkh frqwh{w ri rxu elqdu| hyroxwlrq prg0
hov1 Zh ixuwkhu suhvhqw d mrlqw suredelolw| dqdo|vlv ri
wkh surshuwlhv ri wkh grqru vwduv lq [WH M3<5<0647 dqg
[WH M4:8406381 Zh dovr frpphqw rq wkh lpsruwdqfh ri
[0ud| luudgldwlrq rq wkh suhvhqw vwdwh ri wkh grqru vwdu1
Zh vxppdul}h rxu frqfoxvlrqv lq {8 dqg vkrz krz/ lq
wkh frqwh{w ri wkh vdph edvlf WDPV~QV vfhqdulr/ zh
fdq prgho wkh VD[ 4;3;170698; elqdu| ploolvhfrqg [0
ud| sxovdu v|vwhp +S �$�1� @ 5 ku> Zlmqdqgv ) ydq ghu Nolv
4<<;> Fkdnudeduw| ) Prujdq 4<<;,1

2� j�N,�|�NABi+ WB,W�,B|�NAt

Doo ri wkh elqdu| hyroxwlrq fdofxodwlrqv zhuh fduulhg
rxw xvlqj wkh Odjudqjldq0edvhg Khq|h| phwkrg1 Wkh
edvlf frgh kdv ehhq ghvfulehg lq vhyhudo sdshuv +vhh/ h1j1/
Qhovrq/ Fkdx ) Urvhqeoxp 4<;8> QPG, dqg kdv ehhq
h{whqvlyho| whvwhg1 Wkh pdmru prgl�fdwlrqv duh gxh sul0
pdulo| wr lpsuryhphqwv lq wkh lqsxw sk|vlfv1 Lq sdu0
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wlfxodu/ zh xvh wkh RSDO rsdflwlhv +Ljohvldv ) Urjhuv/
4<<9, lq frqmxqfwlrq zlwk wkh orz0whpshudwxuh rsdfl0
wlhv ri Doh{dqghu ) Ihujxvrq +4<<7,/ dqg wkh Kxeedug
) Odpsh +4<9<, frqgxfwlyh rsdflwlhv1 Juhdw fduh kdv
ehhq wdnhq wr hqvxuh wkdw hdfk ri wkhvh rsdflwlhv eohqgv
vprrwko| dfurvv wkhlu uhvshfwlyh erxqgdulhv ri ydolglw|1
Rxu wuhdwphqw hqirufhv frqwlqxlw| ri wkh uhvshfwlyh �uvw0
rughu sduwldo ghulydwlyhv ryhu wkh hqruprxv udqjh ri wkh
lqghshqghqw yduldeohv +l1h1/ ghqvlw|/ whpshudwxuh/ dqg
fkhplfdo frpsrvlwlrq, wkdw duh qhhghg wr ixoo| ghvfuleh
wkh surshuwlhv ri wkh grqruv1

Vlqfh wkh hyroxwlrqdu| vhtxhqfhv uhtxluhg wkdw wkh
pdvv ri wkh grqru vrphwlphv eh uhgxfhg wr ydoxhv ri
ohvv wkdq whq Mryldq pdvvhv +* 3=34 P � ,/ lw zdv qhfhv0
vdu| wr xvh dq htxdwlrq ri vwdwh +HRV, wkdw dghtxdwho|
ghvfulehv wkh sk|vlfv ri pdwwhu dw orz whpshudwxuhv dqg
kljk ghqvlwlhv1 Zh wkxv hpsor|hg wkh Vdxprq/ Fkdeulhu
) Ydq Kruq +4<<8, ^VFYK` HRV iru k|gurjhq dqg kh0
olxp lq frqmxqfwlrq zlwk rxu rzq HRV iru wkh khdylhu ho0
hphqwv1 Wkh yhuvlrq ri wkhlu k|gurjhq HRV wkdw zh xvhg
lqfrusrudwhg wkh sodvpd skdvh wudqvlwlrq dvvrfldwhg zlwk
suhvvxuh lrql}dwlrq1 Wkh VFYK HRV wdnhv lqwr dffrxqw

Frxorpelf lqwhudfwlrqv dqg h{fkdqjh h�hfwv1 Wkhvh fru0
uhfwlrqv wr d cshuihfw jdv* HRV fdq kdyh d yhu| vljql�fdqw
h�hfw rq wkh lqihuuhg udglxv ri wkh grqru dqg wkxv rq lwv
wkhruhwlfdo ruelwdo shulrg1 Pruhryhu/ suhvvxuh lrql}dwlrq
lv dq h{wuhpho| lpsruwdqw frqvlghudwlrq lq ghwhuplqlqj
wkh ghwdlohg vwuxfwxuh ri wkh lqwhulruv ri orz0pdvv vwduv1
Zh irxqg wkdw wkh wuhdwphqw ri suhvvxuh lrql}dwlrq frxog
kdyh d yhu| vljql�fdqw lpsdfw rq wkh frpsxwhg surshu0
wlhv ri doo orz0pdvv prghov +� 3=6 P � ,1 Wkh VFYK HRV
grhv qrw fryhu doo ri wkh udqjhv ri W dqg S ri lqwhuhvw1
Lq wkh kljk0whpshudwxuh uhjlph +orj W � :=3, zh xvhg
rxu rzq htxdwlrq ri vwdwh +duelwudulo| uhodwlylvwlf dqg gh0
jhqhudwh hohfwurqv dqg zhdn Frxorpelf lqwhudfwlrqv,1 Dw
h{wuhpho| orz suhvvxuhv +orj S � 7=3, zh xvhg d suhyl0
rxvo| ghulyhg HRV wkdw lqfoxghv wkh h�hfwv ri prohfxodu
k|gurjhq exw h{foxghv wkh yhu| vpdoo frqwulexwlrqv gxh
wr qrq0lghdo h�hfwv1 Wkh dwprvskhuhv zhuh fdofxodwhg xv0
lqj wkh suhvfulswlrq ri Grupdq/ Qhovrq ) Fkdx +4<;<,1

Lw zdv dvvxphg wkdw judylwdwlrqdo udgldwlrq dqg pdj0
qhwlf vwhoodu zlqg +PVZ, eudnlqj zhuh uhvsrqvleoh iru
ruelwdo dqjxodu prphqwxp orvvhv1 Zh xvhg wkh UYM sd0
udphwhul}dwlrq ri wkh Yhuexqw0]zddq +4<;4, eudnlqj odz
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+l1h1/ bM 2 U
�

� zkhuh U � lv wkh udglxv ri wkh grqru vwdu
dqg � lv d glphqvlrqohvv qxpehu,1 Zh kdyh suhylrxvo|
lqyhvwljdwhg d zlgh udqjh ri ydoxhv iru wkh sdudphwhu �
dqg dovr dgmxvwhg wkh pdjqlwxgh ri wkh vwuhqjwk ri wkh
pdjqhwlf eudnlqj +vhh KQU iru d ghwdlohg glvfxvvlrq ri
wklv lvvxh,1 Iru wkh suhvhqw lqyhvwljdwlrq/ zh vhw � htxdo
wr ydoxhv ehwzhhq 6 dqg 71 Wkh h{dfw ydoxh ri wkh udglxv
ri j|udwlrq ri wkh grqru vwdu zdv ghwhuplqhg gluhfwo|
iurp lwv frpsxwhg ghqvlw| sur�oh1 Zh dovr frqvlghuhg
wkh fdvhv ri= +l, frqwlqxrxv pdjqhwlf eudnlqj ^PE0F`>
dqg/ +ll, lqwhuuxswhg pdjqhwlf eudnlqj ^PE0L` +vhh UYM
iru pruh ghwdlov,1 Iru wkh odwwhu fdvh/ pdjqhwlf eudn0
lqj zdv vwrsshg zkhq wkh grqru ehfdph ixoo| frqyhf0
wlyh1 Iru wkh PE0F fdvh/ zh suhihuuhg eudnlqj odzv wkdw
zhuh qrw yhu| vwurqj iru ruelwdo shulrgv ri dssur{lpdwho|
rqh krxu1 Zh nqrz wkdw wklv frqvwudlqw pxvw eh fruuhfw
iru k|gurjhq0ulfk FYv iru rwkhuzlvh wkh wkhruhwlfdo plq0
lpxp ruelwdo shulrg zrxog eh frqvlghudeo| orqjhu wkdq
wkh revhuyhg rqh +� ;3 plqxwhv,1 Zh fdxwlrq/ krzhyhu/
wkdw wkh dfwxdo pdjqlwxgh ri pdjqhwlf eudnlqj lv txlwh
xqfhuwdlq dqg pd| eh gl�huhqw iru OP[Ev wkdq iru FYv1

Zh fdofxodwhg d odujh qxpehu ri hyroxwlrqdu| wudfnv
fruuhvsrqglqj wr gl�huhqw grqru pdvvhv dqg ghjuhhv ri
fkhplfdo +l1h1/ qxfohdu, hyroxwlrq dw wkh rqvhw ri pdvv
wudqvihu1 Vshfl�fdoo|/ zh vwduwhg zlwk grqru pdvvhv ri
ehwzhhq P � @ 4 P � dqg 518 P � dqg lqlwldo fhqwudo
k|gurjhq pdvv iudfwlrqv ri 3 � [ � � 3=:41 Iru wkh

fdvhv fruuhvsrqglqj wr }hur fhqwudo k|gurjhq/ zh frq0
vlghuhg vwduv wkdw kdg kholxp fruh pdvvhv lq wkh udqjh
ri 3 � +P � @P � , � 3=381 Wkh lqlwldo k|gurjhq dexq0
gdqfh +e| pdvv, rq wkh ]DPV zdv wdnhq wr eh htxdo wr
31:4/ wkh pl{lqj ohqjwk wr wkh suhvvxuh vfdoh0khljkw ud0
wlr +o@K � , zdv vhw htxdo wr 418/ dqg wkh phwdoolflw| zdv
wdnhq wr eh dssur{lpdwho| vrodu +] @ 3=35,1 Lw lv lqwhu0
hvwlqj wr qrwh wkdw [WH M3<5<0647 lv orfdwhg dw d kljk
Jdodfwlf odwlwxgh +Jdoorzd| hw do1 5335,1 Zkloh wkh el0
qdu| v|vwhp pd| kdyh ehhq eruq lq wkh jdodfwlf sodqh
dqg vxevhtxhqwo| irxqg lwv zd| wr kljk odwlwxghv dv wkh
uhvxow ri d vxshuqryd nlfn/ lw lv dovr srvvleoh wkdw lw lv dv0
vrfldwhg zlwk wkh Jdodfwlf exojh srsxodwlrq1 Li wklv odw0
whu vfhqdulr lv fruuhfw/ wkhq d orzhu wkdq vrodu phwdoolflw|
zrxog eh dssursuldwh iru wklv v|vwhp1 Zh kdyh lqyhvwl0
jdwhg wklv srvvlelolw| dqg �qg wkdw lw kdv olwwoh lpsdfw rq
rxu frqfoxvlrqv1

Wkh lqlwldo pdvv ri wkh qhxwurq vwdu zdv wdnhq wr eh
P � @ 4=7 P � dqg wkh pdvv wudqvihu zdv dvvxphg wr eh
qrq0frqvhuydwlyh1 Zh duelwudulo| vhw wkh pdvv0fdswxuh
iudfwlrq wr eh m bP � m@m bP � m @ 3=8 +vhh SUS iru d glvfxvvlrq
ri wklv fkrlfh, dqg dvvxphg wkdw wkh pdwwhu orvw iurp wkh
v|vwhp fduulhg dzd| d vshfl�f dqjxodu prphqwxp htxdo
wr wkdw ri wkh qhxwurq vwdu +l1h1/ idvw Mhdqv* prgh,1 Wkh
dfwxdo pdvv fdswxuh iudfwlrq grhv qrw dssuhfldeo| dowhu
rxu frqfoxvlrqv1

Vdpsoh uhvxowv ri rxu hyroxwlrqdu| fdofxodwlrqv iru
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� @ 6 duh suhvhqwhg lq Iljxuhv 4 dqg 51 Wkh hyroxwlrq ri
wkh ruelwdo shulrg +S �1�$� ,/ pdvv wudqvihu udwh +m bP � m,/ wkh
grqru*v vxuidfh k|gurjhq dexqgdqfh +[ $ ,/ dqg hodsvhg
wlph diwhu wkh rqvhw ri pdvv wudqvihu +w, duh vkrzq dv
d ixqfwlrq ri wkh pdvv ri wkh grqru +P � , iru lqlwldo
pdvvhv ri 4 P � dqg 4=8 P � / uhvshfwlyho|1 Lq Iljxuh
4 wkuhh fdvhv/ fruuhvsrqglqj wr dq lqlwldo fhqwudo k|gur0
jhq dexqgdqfh ri [ � @ 3=338 dqg kholxp fruh pdvvhv
ri P � @ 3=33 P � dqg 3=338 P � / duh glvsod|hg1 Rwkhu
lqlwldo frqglwlrqv fruuhvsrqglqj wr odujhu ydoxhv ri [ � gr
qrw doorz wkh elqdu| v|vwhp wr hyroyh wr xowudvkruw ru0
elwdo shulrgv> grqru vwduv zlwk odujhu lqlwldo kholxp fruh
pdvvhv uhvxow lq wkh irupdwlrq ri grqruv wkdw hyhqwx0
doo| ehfrph vxe0jldqwv dqg wkh elqdu| hyroyhv wr orqj
ruelwdo shulrgv +l1h1/ wkrvh deryh wkh elixufdwlrq olplw,1
Wkh grqruv lq wkhvh v|vwhpv hyhqwxdoo| ghwdfk iurp wkhlu
Urfkh orehv dqg vwduw wr frro/ wkhuhe| ehfrplqj kholxp
ghjhqhudwh gzduiv ^Kh ZGv` +vhh/ h1j1/ Mrvv/ Udssdsruw
) Ohzlv 4<;9/ S|o|vhu ) Vdyrqlmh 4<;;> Vduqd hw do1
5333> SUS> QPG`1 Dq h{fhoohqw h{dpsoh ri d elqdu|
wkdw kdv hyroyhg lq wklv zd| lv wkh elqdu| ploolvhfrqg
sxovdu SVU E4;88.3<1 Wkh pdvv ri wkh frpsdqlrq wr
wkh sxovdu kdv ehhq suhflvho| phdvxuhg wr eh 3=58;P �
wr zlwklq � 3=35P � +ydq Nhunzlmn hw do1 5333, dqg lwv
h�hfwlyh whpshudwxuh lv frqvlvwhqw zlwk wkdw h{shfwhg iru
d frrolqj Kh ZG1

Lq Iljxuh 5 irxu fdvhv fruuhvsrqglqj wr dq lqlwldo grqru

pdvv ri 4=8 P � dqg lqlwldo fhqwudo k|gurjhq dexqgdqfhv
ri [ � @ 3=53/ 3148/ 3147/ dqg 3146 duh vkrzq1 Vpdoohu ydo0
xhv ri [ � uhvxowhg lq wkh irupdwlrq ri orqj0shulrg elqdulhv
zkhuhlq wkh grqru xowlpdwho| ehfdph d Kh ZG1 Odujhu
ydoxhv ri [ � glg qrw doorz wkh elqdu| v|vwhp wr hyroyh
wr xowudvkruw ruelwdo shulrgv1 Iru hdfk ri wkh fdvhv looxv0
wudwhg lq Iljxuhv 4 ) 5/ wkh ydoxh ri wkh pdjqhwlf eudnlqj
h{srqhqw � zdv vhw htxdo wr 6 dqg PE0F zdv dvvxphg1
Zh dovr lqyhvwljdwhg wkh hyroxwlrq ri grqruv zlwk lqlwldo
pdvvhv dv odujh dv 5=8 P � 1 Wkh| wrr fdq |lhog v|vwhpv
zlwk ruelwdo shulrgv dv vpdoo dv 76 plqxwhv dv orqj dv wkh
grqruv kdyh kdg d fkdqfh wr hyroyh dqg ehfrph vljql�0
fdqwo| k|gurjhq ghsohwhg gxulqj wkh pdvv0wudqvihu skdvh
ri wkh hyroxwlrq1 Grqruv wkdw duh wrr hyroyhg dw wkh rq0
vhw ri pdvv wudqvihu/ xowlpdwho| hqg xs dv Kh ZGv ru
KhFR ZGv +l1h1/ ghjhqhudwh gzduiv frqwdlqlqj kholxp/
ru fduerq2r{|jhq, lq zlgh elqdu| ruelwv1 Zh irxqg wkdw
grqruv zkrvh pdvvhv zhuh z 6=8 P � zhuh g|qdplfdoo|
xqvwdeoh djdlqvw pdvv wudqvihu +vhh dovr SUS,1

Wkh hyroxwlrq ri wkh lqwhuqdo surshuwlhv +l1h1/ ghq0
vlw| dqg whpshudwxuh, ri dq lqlwldo rqh0vrodu0pdvv grqru
wkdw kdv mxvw �qlvkhg exuqlqj doo ri lwv k|gurjhq dw lwv
fhqwhu +l1h1/ P � @ 3, dw wkh rqvhw ri pdvv wudqvihu lv
vkrzq lq Iljxuh 61 D vlplodu sorw fruuhvsrqglqj wr
[ � @ P � @ 3=338 P � dw wkh vwduw ri pdvv wudqvihu lv
vkrzq lq Iljxuh 71 ^Qrwh wkdw wkhvh wzr vhwv ri lqlwldo
frqglwlrqv fruuhvsrqg wr wkh vhfrqg dqg wklug fdvhv +uh0



Surshuwlhv ri Dffuhwlqj Ploolvhfrqg Sxovduv :

4 5 6 7 8

- 4

- 2

0

2

4

M
2 

=  1 . 0 0  M
�

M
2
 =  0 . 5 0  M

�

M
2
 =  0 . 2 0  M

�

M
2
 =  0 . 1 0  M

�

M
2
 =  0 . 0 5  M

�

M
2
 =  0 . 0 2  M

�

ΓΓΓΓ
���

����� �
	��
lo

g
  
ρρ ρρ (

g
/c

m
3
)

log T(K)

0.002
0.02

0.29

0.5 7

0.7 0

0.7 1

�'� ���� � � a^&/�3
T�9�=�W�I�/$9)
* 56(�� E =>b�� �'A�/,36)
T�)Z5R/$780�/,3
2$5
T�36/'� E =>b�� �'=�WQ2>9�* 9�* 5�* 2�E E ( =�9/��!)R=�E 243%�{7K24)R)^I�=�9=�3 ��* 5�&���� � d%! d�d��]5
&�245�&�24)�T�9I�/136b�=�9/7K24)R)'5
3R2>9�)RW /,3<T�9I�/,3'5�&/�24)R)
T�7805�* =�9K5�&�2$5Z5�&/.)6()65R/17 * )</�D0�/13R* /19+$* 9�b MY; �6G ��* 5
& ��� gV'c.E E�=>5
&/13ZI�/,)R+,3
* 05R=�36)<2>36/�5�&/.)R2�78/.2>)<* 985�&/.+12>05
* =�9=�W � * b�T3R/]gV

vshfwlyho|, vkrzq lq Iljxuh 41` Hdfk fxuyh vkrzv wkh
yduldwlrq lq ghqvlw| +�, dqg whpshudwxuh +W , wkurxjkrxw
wkh lqwhulru ri wkh grqru iru vhyhudo gl�huhqw pdvvhv dv lw
hyroyhv iurp d 4 P � vwdu grzq wr wkh orzhvw pdvvhv wkdw
zhuh frpsxwhg +� 3=34 P � ,1 Wkh pdvv ri wkh grqru fru0
uhvsrqglqj wr hdfk fxuyh lv odehohg lq wkh �jxuhv1 Wkh
gdvkhg olqhv/ odehohg � @ 4 dqg I ��� � @ 4/ kdyh ehhq
sorwwhg lq rughu wr looxvwudwh wkh lpsruwdqfh ri Frxorp0
elf frxsolqj dqg hohfwurq ghjhqhudf| +uhvshfwlyho|, lq
wkh fdofxodwlrq ri wkh lqwhulru vwuxfwxuh ri wkhvh prghov1
Vshfl�fdoo|/ � lv wkh sodvpd sdudphwhu zklfk lv d phd0
vxuh ri wkh udwlr ri wkh Frxorpelf hqhuj| ri wkh jdv wr lwv
wkhupdo hqhuj|1 Qrwh wkdw � @ 4 vhsdudwhv wkh vwurqjo|0
frxsohg uhjlph +wr wkh xsshu ohiw ri wkh gdvkhg olqh, iurp
wkh zhdno|0frxsohg uhjlph1 Wkh ghshqghqfh ri � rq �
dqg W zdv fdofxodwhg edvhg rq d qxpehu0zhljkwhg dy0
hudjh iru d wzr0frpsrqhqw sodvpd zlwk [ @ 3=:4 dqg
\ @ 3=5<1 Wkh rwkhu olqh vkrzv wkh ydoxhv ri � dqg
W iru zklfk wkh Ihupl lqwhjudo ri lqgh{ 425 lv htxdo wr
rqh1 Wklv olqh vhuyhv wr vhsdudwh wkh zhdno| hohfwurq0
ghjhqhudwh uhjlph +uhjlrq wr eh orzhu uljkw ri wkh olqh,
iurp wkh lqwhuphgldwh +dqg vwurqjo|, ghjhqhudwh uhjlph1

Wkh grwv rq hdfk fxuyh ghqrwh htxdo orjdulwkplf lq0
whuydov lq wkh pdvv iudfwlrq +l1h1/ orj^4 � p � @p`,1 Wkh
uljkw0prvw grw dw wkh hqg ri hdfk fxuyh fruuhvsrqgv wr
dq lqwhulru pdvv iudfwlrq ri 3( +l1h1/ wkh vwhoodu fhqwhu,/
wkh qh{w fruuhvsrqgv wr <3( ri wkh pdvv ehlqj lqwhulru
wr wkdw srlqw/ dqg vr iruwk/ zlwk wkh ohiw0prvw grw fruuh0
vsrqglqj wr <<1<<<( ri wkh vwhoodu pdvv ehlqj lqwhulru wr
wkdw srlqw1 Wkh gldprqg v|pero rq hdfk fxuyh ghqrwhv
wkh orfdwlrq lq wkh vwhoodu lqwhulru zkhuh wkh wudqvlwlrq

iurp d udgldwlyh2frqgxfwlyh fruh wr d frqyhfwlyh hqyh0
orsh rffxuv1 Qrwh wkdw wkh frqyhfwlyh hqyhorsh pryhv
ghhshu lqwr wkh lqwhulru ri wkh vwdu dv lwv pdvv lv gh0
fuhdvhg1 Dv d frqvhtxhqfh ri wklv h�hfw/ wkh hqyhorsh
+dqg khqfh vxuidfh, ehfrphv lqfuhdvlqjo| k|gurjhq0srru
dv wkh k|gurjhq0ghsohwhg jdv iurp wkh ghhs lqwhulru lv
pl{hg lqwr wkh hqyhorsh1 Wkh dfwxdo ydoxhv ri [ $ iru
hdfk pdvv duh odehohg ehvlgh wkh ohiw0prvw srlqwv ri hdfk
fxuyh lq Iljxuhv 6 dqg 71 Zh fohduo| vhh d vljql�fdqw gh0
fuhdvh lq [ $ dv wkh frqyhfwlyh hqyhorsh pryhv lqzdugv1
Iru erwk fdvhv vkrzq lq Iljxuhv 6 dqg 7/ wkh grqru
vwdu ehfrphv ixoo| frqyhfwlyh dw d pdvv ri voljkwo| ohvv
wkdq 3=35 P � +wklv lv lq frqwudvw wr d k|gurjhq0ulfk
]DPV vwdu zklfk ehfrphv ixoo| frqyhfwlyh dw d pdvv
ri � 3=65 P � ,1 Dovr qrwh lq Iljxuh 7 wkdw wkhuh lv d vlj0
ql�fdqw cmxps* lq wkh vsdflqj ri wkh orj � � orj W fxuyhv
ehwzhhq wkh 3=43 P � dqg 3=38 P � prghov +frqwudvw wklv
gl�huhqfh zlwk wkdw vhhq iru wkh vdph prghov ri Iljxuh
6,1 Wklv lv gxh wr wkh ydu|lqj dexqgdqfhv ri k|gurjhq lq
wkh hqyhorsh dqg dwprvskhuh ri wkh grqru vwduv1 Vshfl�0
fdoo|/ iru wkh P � @ 3=3 fdvh/ wkh ydoxh ri [ $ lv 3173 iru wkh
3=43 P � grqru dqg 314: iru wkh 3=38 P � grqru1 E| frq0
wudvw/ wkrvh vdph ydoxhv duh 315< dqg 3135 +uhvshfwlyho|,
iru wkh P � @ 3=338 P � fdvh1 Wkh odujh +uhodwlyh, gh0
fuhdvh lq wkh k|gurjhq dexqgdqfh ri wkh 3=38 P � prgho
qhfhvvdulo| lpsolhv d vljql�fdqwo| gl�huhqw lqwhuqdo vwuxf0
wxuh1

Wkh sorwv ri wkh lqwhulru surshuwlhv dovr lqglfdwh wkdw
wkh fruhv ri grqruv zkrvh pdvvhv duh lq wkh udqjh ri 3=5 �
P � @P � � 4=3 duh vrphzkdw lvrwkhupdo1 Lq dgglwlrq/
zh vhh wkdw zkhq wkh pdvv ri wkh grqru lv � 3=38 P � /
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Frxorpelf frxsolqj lv dq lpsruwdqw frqwulexwru wr wkh
HRV +duhd wr wkh ohiw ri � @ 4 lq Iljxuhv 6 dqg 7, dqg
khqfh wr wkh ryhudoo ghwhuplqdwlrq ri wkh surshuwlhv ri
wkh grqru1 Pruhryhu/ vlqfh � lv frpsrvlwlrq ghshqghqw/
wkh fruuhvsrqglqj � @ 4 olqh iru kholxp ulfk lqwhulruv
+dssursuldwh iru doo ri rxu orz0pdvv grqruv, vkrxog eh
vkliwhg frqvlghudeo| wr wkh uljkw ri +exw sdudooho wr, wkh
rqhv vkrzq lq Iljxuhv 6 dqg 71 Iru h{dpsoh/ xqghu wkh
dvvxpswlrq wkdw [ @ 3/ wkh � @ 4 olqh vkrxog lqwhuvhfw
wkh wrs hgjh ri wkh �jxuhv +fruuhvsrqglqj wr orj � @ 8,
dw orj W @ :=7581 Ilqdoo| zh qrwh wkdw hyhq wkh orzhvw
pdvv grqruv vwloo kdyh frqvlghudeoh wkhupdo hqhuj| +dv
lv hylghqfhg e| wkhlu odfn ri lvrwkhupdolw|, dqg duh idu
iurp vrolgli|lqj +fu|vwdool}dwlrq rffxuv iru � * 4:3,1

�� |�jNij|�WB, ViNVji|�jt Nu |�j V�,tBi t+t|j6t

Rxu hyroxwlrqdu| fdofxodwlrqv frq�up wkh fodlpv ri
QUM ^vhh dovr S|o|vhu ) Vdyrqlmh 4<;;/ 4<;<> SUS` wkdw
rqo| h{wuhpho| k|gurjhq0ghsohwhg grqruv fdq surgxfh xo0
wudvkruw shulrg v|vwhpv1 Dffruglqj wr QUM/ d fkhplfdoo|
krprjhqhrxv +l1h1/ frqyhfwlyh, grqru pxvw kdyh d k|gur0
jhq dexqgdqfh ri qr pruh wkdq d ihz shufhqw lq rughu
wr hyroyh wr ydoxhv ri S �$�1� � 4 krxu1 Rxu hyroxwlrqdu|
vhtxhqfhv vkrz wkdw iru doprvw doo ri wkh lqlwldo frqgl0
wlrqv frqvlghuhg/ wkh grqruv lq [WH M3<5<0647 dqg [WH
M4:840638 vkrxog kdyh d fxuuhqw ydoxh ri [ $ � 3=48 +ydo0
xhv forvhu wr/ ru frqvlvwhqw zlwk/ }hur duh idyruhg,1 Pruh
lpsruwdqwo|/ zh �qg wkdw wkhuh lv d vxevwdqwldo yroxph
ri sdudphwhu vsdfh wkdw zloo |lhog v|vwhpv zlwk surshu0
wlhv vlplodu wr wkrvh ri wkh wzr ploolvhfrqg sxovdu elqd0
ulhv1 Iru h{dpsoh/ frqvhuydwlyh ru qrq0frqvhuydwlyh hyr0
oxwlrqv zlwk d zlgh udqjh ri eudnlqj sdudphwhuv +h1j1/
dpsolwxghv dqg eudnlqj h{srqhqwv, zloo surgxfh xowud0
vkruw shulrg v|vwhpv1 Lqlwldo grqru pdvvhv lq wkh udqjh
ri 4 � +P ��� � @P � , � 5=8 duh srvvleoh dqg qr ydoxh ri
wkh phwdoolflw| lv h{foxghg1 Krzhyhu/ rqfh d sduwlfxodu
fkrlfh lv pdgh iru wkh grqru*v lqlwldo pdvv/ lwv phwdo0
olflw|/ dqg wkh prgh ri dqjxodu prphqwxp glvvlsdwlrq/
wljkw frqvwudlqwv duh qhfhvvdulo| lpsrvhg rq wkh lqlwldo
vwdwh ri fkhplfdo +l1h1/ qxfohdu, hyroxwlrq ri wkh grqru1
Wkhvh frqvwudlqwv pxvw hqvxuh wkdw wkh grqruv ehfrph
h{wuhpho| k|gurjhq ghsohwhg e| wkh wlph wkdw wkhlu pdvv
kdv ehhq uhgxfhg wr d ihz kxqguhgwkv ri d vrodu pdvv1

Dv d uhsuhvhqwdwlyh h{dpsoh ri wklv w|sh ri hyroxwlrq
frqvlghu wkh fdvh ri d 4 P � grqru zlwk dq lqlwldo kholxp
fruh pdvv ri P � @ 3=34 P � 1 Zh �qg wkdw d ydoxh ri
S �$�$� * 76 plqxwhv lv uhdfkhg wzlfh gxulqj wkh vxevhtxhqw
hyroxwlrq zkhq [ $ * 3=56 dqg P � * 3=3<: P � / dqg
zkhq [ $ * 3=3335 dqg P � * 3=35 P � +� @ 6 dqg PE0
F dvvxphg,1 Lq wkh iruphu fdvh wkh elqdu| kdg qrw |hw
uhdfkhg wkh plqlpxp ydoxh ri S �$�$� / zkloh lq wkh odwwhu
fdvh wkh v|vwhp kdv hyroyhg sdvw wkdw srlqw1 Dowkrxjk
wkhvh lqlwldo frqglwlrqv gr |lhog sodxvleoh prghov wkh| gr
qrw fruuhvsrqg wr wkh ehvw �w ri wkh revhuyhg surshuwlhv
ri hlwkhu elqdu|1 Lq wkh iruphu fdvh/ wkh ydoxh ri P � lv
prvw suredeo| idu wrr odujh edvhg rq wkh phdvxuhg pdvv
ixqfwlrqv +vhh {7 ehorz, zkloh lq wkh odwwhu fdvh wkh ydoxh
ri [ $ pd| eh wrr vpdoo

�
iru wkh fdvh ri [WH M3<5<0647
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li wkh ghwhfwlrq ri k|gurjhq lq wkh vshfwuxp +Fdvwur0
Wludgr hw do1 5335, lv frq�uphg1 Wkh lqlwldo frqglwlrqv
+iru d rqh0vrodu0pdvv grqru, wkdw vhhp wr ehvw �w wkh
gdwd fruuhvsrqg wr dq lqlwldo ydoxh ri P � @ 3 +l1h1/ zkhq
k|gurjhq lv �uvw ghsohwhg lq wkh fhqwhu ri wkh grqru,1 Iru
wkh � @ 6 +PE0L, fdvh/ zh �qg wkdw S �$�$� @ 76 plqxwhv
zkhq [ $ * 3=37 dqg P � * 3=34: P � zkloh iru � @ 7
dqg zlwk erwk PE0L dqg PE0F wkh ydoxhv duh [ $ * 3=36
dqg P � * 3=347 P � 1 Wkh vhfxodu pdvv0wudqvihu udwhv
iru doo wkuhh ri wkhvh v|vwhpv +dw S �4�B� @ 76 plq, duh
ehwzhhq � 3=;�5=3�43 �^�4� P � |u ��� 1 Lw lv gl�fxow wr xvh
wkh fdofxodwhg vhfxodu +orqj0whup dyhudjh, pdvv0wudqvihu
udwhv dv d gldjqrvwlf wrro wr whvw wkh ydolglw| ri wkh prghov
vlqfh erwk v|vwhpv duh wudqvlhqw vrxufhv/ hdfk vhhq rq
rqo| rqh rffdvlrq1 Lw lv srvvleoh wr kdyh kljkhu udwhv exw
wkh ydoxhv ri P � zrxog kdyh wr eh odujhu1 Wkh surshuwlhv
ri d uhsuhvhqwdwlyh vdpsoh ri v|vwhpv wkdw dwwdlq S �$�$� @
76 plqxwhv duh vkrzq lq Wdeoh 41 Jlyhq wkdw wkh vpdoohu
ydoxhv ri P � +� 3=35 P � , duh pruh suredeoh edvhg rq
wkh phdvxuhg pdvv ixqfwlrq +vhh {7,/ zh suhglfw wkdw wkh
ydoxh ri [ $ lv olnho| wr eh yhu| vpdoo +� 3=38,1

Wr rewdlq d elqdu| v|vwhp zkrvh surshuwlhv fruuhvsrqg
wr wkh revhuyhg rqhv/ lw lv fohdu wkdw d +4 P � / Srsxodwlrq
L, grqru pxvw eh d WDPV vwdu dw wkh rqvhw ri pdvv wudqv0
ihu1 Vlplodu uhvxowv fdq eh rewdlqhg vwduwlqj zlwk odujhu
pdvv grqruv +h1j1/ 4=8 P � , exw lq wkrvh fdvhv wkh grqruv
pxvw eh voljkwo| ohvv hyroyhg dw wkh rqvhw ri pdvv wudqv0
ihu +3=45 � [ � � 3=48> vhh Wdeoh 5 iru pruh ghwdlov,1
Wkh kljkhu pdvv vwduv kdyh vkruwhu qxfohdu wlphvfdohv
dqg fdq wkxv exuq vrph ri wkhlu fhqwudo k|gurjhq eh0
iruh wkh elqdu| hyroxwlrq fdq fdxvh vx�flhqw pdvv wr eh
vwulsshg dzd| dqg wkhuhe| h�hfwlyho| h{wlqjxlvk qxfohdu
hyroxwlrq1 Hyhq kljkhu pdvv vwduv duh jrrg fdqglgdwhv
exw pxvw eh frqvlghudeo| ohvv hyroyhg dw wkh rqvhw ri
pdvv wudqvihu1 Dqdorjrxvo|/ d grqru vwdu zlwk d vpdoohu
phwdoolflw| +vxfk dv pljkw eh revhuyhg iru Jdodfwlf exojh
vwduv, hyroyhv idvwhu wkdq d vrodu phwdoolflw| vwdu dqg wkxv
zrxog dovr qhhg wr eh voljkwo| ohvv hyroyhg dw wkh rqvhw ri
pdvv wudqvihu lq rughu wr surgxfh d v|vwhp zkrvh surshu0
wlhv pdwfk wkrvh wkdw duh revhuyhg +vhh QPG iru ixuwkhu
ghwdlov,1 Iru doo ri wkhvh fdvhv/ li wkh grqru lv wr kdyh d
yhu| orz pdvv +� 3=35 P � , wkhq wkh pdvv wudqvihu udwh
lv dovr olnho| wr eh orz +� 43 ����� P � |u ��� ,1 Ilqdoo|/ zh
srlqw rxw wkdw lq vrph ri wkhvh prghov lw lv srvvleoh iru
wkh plqlpxp shulrg wr eh dv vkruw dv ; plqxwhv$ Krz0
hyhu/ lw lv zruwk qrwlqj wkdw vxfk v|vwhpv duh pxfk ohvv
olnho| wr eh ghwhfwhg vlpso| ehfdxvh wkh| hyroyh wkurxjk
wklv h{wuhph xowudvkruw shulrg udqjh yhu| txlfno|1

Lw lv lqwhuhvwlqj wr qrwh wkdw lq rughu wr rewdlq dq ru0
elwdo shulrg ri � 76 plqxwhv dqg wr kdyh dq| dssuhfldeoh
dprxqw ri k|gurjhq uhpdlqlqj dw wkh grqru*v vxuidfh/
wkh elqdu| vkrxog eh +iru prvw lqlwldo frqglwlrqv, uhd0
vrqdeo| forvh wr lwv plqlpxp ruelwdo shulrg +vhh/ h1j1/
QUM,1 Dv kdv ehhq srlqwhg rxw e| d qxpehu ri dx0
wkruv/ +vhh/ h1j1/ Sdf}|�qvnl ) Vlhqnlhzlf} 4<;4/ UMZ/
dqg Fkdx ) Qhovrq 4<;5,/ wkh Nhoylq0Khopkrow} +wkhu0
pdo, wlphvfdoh pxvw qhfhvvdulo| eh dssur{lpdwho| htxdo
wr wkh pdvv0orvv wlphvfdoh qhdu wkh plqlpxp ruelwdo sh0
ulrg +l1h1/ � �	� * � 
� ,1 Wkxv wkh wkhupdo wlphvfdoh fdq
eh hvwlpdwhg iurp wkh pdvv0orvv wlphvfdoh xvlqj wkh gdwd
suhvhqwhg lq Iljxuhv 4e dqg 5e dqg wkh gh�qlwlrq ri � 
�

+� P � @m bP � m,1 Wkh gdwd lqglfdwh wkdw wklv wlphvfdoh lv
xvxdoo| � 5 � 43

�
|hduv/ wkhuhe| lpso|lqj wkdw wkh grqru
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Table 1. Summary of Model Properties (M2,0 = 1.0 M�; Porb = 43 min)

Initial Conditionsa
(

M2

M�

)

b t (Gyr)c Xs 〈X〉d log(|Ṁ2|)e log
(

L2

L�

)

Pmin
f

(

R2

R�

) (

Ṗorb

Porb

)

g f h

MB-C3; Mc,0 = 0.00 0.051 1.69 0.176 0.052 -9.3 -3.15 41.3 0.071 −2.8 × 10−8 2.13
0.038 1.72 0.099 0.033 -9.4 -3.54 41.3 0.064 +2.2 × 10−8 1.84

MB-I3; Mc,0 = 0.00 0.017 2.15 0.036 0.036 -10.9 -4.46 43.0 0.048 ≈ 0 1.15

MB-C4; Mc,0 = 0.00 0.068 3.91 0.232 0.062 -9.7 -2.91 34.5 0.075 −3.3 × 10−9 2.43
0.015 4.64 0.027 0.027 -10.8 -4.68 34.5 0.046 +3.0 × 10−10 1.08

MB-I4; Mc,0 = 0.00 0.014 4.74 0.027 0.027 -11.0 -4.96 40.7 0.045 −4.6 × 10−10 1.06

MB-C3; Mc,0 = 0.005 0.089 2.98 0.226 0.044 -9.3 -2.59 24.7 0.082 −2.0 × 10−8 2.94
0.021 3.07 0.0019 0.001 -9.9 -3.83 24.7 0.051 +3.7 × 10−9 1.34

MB-I3; Mc,0 = 0.005 0.018 3.13 0.0016 0.002 -10.6 -3.96 38.4 0.049 −2.3 × 10−10 1.23

MB-C3; Mc,0 = 0.01 0.097 3.52 0.232 0.040 -9.6 -2.44 20.9 0.084 −2.2 × 10−8 3.09
0.019 3.62 0.0002 0.0002 -10.0 -3.89 20.9 0.050 +3.3 × 10−9 1.28

MB-C3; Mc,0 = 0.02 0.151 9.60 0.422 0.023 -9.9 -1.18 8.0 0.097 −2.7 × 10−8 4.22
0.014 9.71 0.000 0.000 -10.2 -4.31 8.0 0.045 +1.8 × 10−9 1.07

aMB-C and MB-I refer to the cases of continuous magnetic braking and interrupted magnetic braking, respectively, and the number immediately
following (3 or 4) corresponds to the value of the dimensionless braking exponent γ. Mc,0 refers to the mass of the pure helium core (in units of
M�) that has been formed at the onset of mass transfer.

bNote that in some cases two values of M2 are given because there are two times during the evolution when Porb = 43 minutes is attained. For
the case of MB-I, the value quoted corresponds only to that phase of the evolution after magnetic braking has been halted.

cThe age is measured from the onset of mass transfer.
dHydrogen abundance averaged over the mass of the donor.
eThe mass-transfer rate expressed in units of M� yr−1.
f The value of Pmin is expressed in minutes and corresponds to the actual minimum orbital period of the evolutionary track.
gNormalized orbital period time derivative in units of yr−1.
hApproximate thermal bloating factor for a homogeneous chemical composition.

vwloo kdv d vljql�fdqw dprxqw ri wkhupdo hqhuj| wr vkhg
dqg wkdw lw vkrxog eh vxevwdqwldoo| odujhu wkdq lwv fruuh0
vsrqglqj }hur0whpshudwxuh udglxv +U � ,1 Lq idfw/ rxu prvw
idyruhg �wv iru [WH M3<5<0647 lqglfdwh wkdw wkh grqru lv
olnho| wr eh dw ohdvw � 58( odujhu wkdq wkh fruuhvsrqglqj
U � 1

e� NOtji�B|�NAB, WNAt|iB�A|t

Lq wkh suhylrxv vhfwlrqv zh suhvhqwhg ghwdlohg elqdu|
hyroxwlrq prghov wkdw fdq uhsurgxfh v|vwhpv zlwk surs0
huwlhv vlplodu wr wkrvh ri [WH M3<5<0647 dqg [WH M4:840
6381 Dv wkh grqru vwduv lq wkhvh v|vwhpv orvh pdvv dqg
hyroyh/ wkhlu lqwhulru vwuxfwxuhv duh vxevwdqwldoo| pruh
frpsolfdwhg wkdq vlpsoh sro|wurshv +vhh/ h1j1/ Ilj1 6,1
Krzhyhu/ e| wkh wlph wkh| dwwdlq pdvvhv ri � 3=35 P �
wkhlu fkhplfdo frpsrvlwlrq lv dssur{lpdwho| xqlirup dqg
wkh| kdyh rqo| d vpdoo uhvlgxdo dprxqw ri k|gurjhq1 Ixu0
wkhupruh/ wkhlu vwuxfwxuhv fdq eh dssur{lpdwhg e| frog
ghjhqhudwh gzduiv/ exw zlwk vrph wkhupdo _eordwlqj%1
Wkhuhiruh/ lq rughu wr jdlq vrph ixuwkhu lqvljkw lqwr wkh
hyroxwlrqdu| vwdwxv ri wkh frpsdqlrq vwduv lq wkhvh plo0
olvhfrqg sxovdu v|vwhpv/ zh ghyhors dq dqdo|wlf prgho
zklfk pdnhv xvh ri wkh vwhoodu surshuwlhv douhdg| ghgxfhg
iurp wkh pruh ghwdlohg prghov glvfxvvhg lq {5 dqg {61

Zh vwduw zlwk wkh dvvxpswlrq wkdw wkh grqru vwduv lq
wkhvh v|vwhpv duh fxuuhqwo| �oolqj wkhlu Urfkh orehv1 Zh
wdnh wkh yroxph0dyhudjhg udglxv ri wkh Urfkh oreh/ U � /
wr eh

U � @
5

6
� � �

�

P �
P � . P �

� ��� �
d > +4,

zkhuh d lv wkh ruelwdo vhsdudwlrq dqg P � dqg P � duh wkh
grqru dqg qhxwurq vwdu pdvvhv/ uhvshfwlyho| +Sdf}|�qvnl
4<:4,1 Li zh frpelqh htxdwlrq +4, iru wkh Urfkh oreh/
zklfk zh wdnh wr htxdo wkh udglxv ri wkh grqru/ U � / zlwk
wkh h{suhvvlrq iru Nhsohu*v Wklug Odz/ zh �qg wkh iro0
orzlqj zhoo0nqrzq uhodwlrq ehwzhhq wkh ruelwdo shulrg/
S �4�B� / wkh grqru pdvv/ dqg wkh grqru udglxv=

S �4�B� @
<�s
5J

U
� � �� P �^� � �� = +5,

Li wkhuh h{lvwv d zhoo0gh�qhg pdvv0udglxv uhodwlrq iru
wkh grqru vwdu/ wkhq wkh ruelwdo shulrg fdq eh uhodwhg gl0
uhfwo| wr wkh pdvv ri wkh grqru vwdu1 Iru wklv zh xwlol}h
d �wwlqj irupxod gxh wr Hjjohwrq +5336, iru wkh ghshq0
ghqfh ri udglxv rq pdvv dqg fkhplfdo frpsrvlwlrq iru
}hur0whpshudwxuh remhfwv=

U � * 3=345;+4 . [,
� � � i
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Table 2. Summary of Model Properties (M2,0 = 1.5 M�; Porb = 43 min)

Initial Conditionsa
(

M2

M�

)

b t (Gyr)c Xs 〈X〉d log(|Ṁ2|)e log
(

L2

L�

)

Pmin
f

(

R2

R�

) (

Ṗorb

Porb

)

g f h

MB-C3; Xc,0 = 0.13 0.102 3.50 0.120 0.031 -9.2 -2.27 26.4 0.089 −2.1 × 10−8 3.25
0.024 3.60 0.0026 0.002 -9.7 -3.70 26.4 0.054 +2.8 × 10−9 1.45

MB-I3; Xc,0 = 0.13 0.019 3.67 0.0020 0.002 -11.1 -3.89 38.4 0.050 −1.2 × 10−9 1.29

MB-C3; Xc,0 = 0.14 0.059 2.38 0.075 0.029 -9.2 -2.95 42.9 0.072 ≈ 0 2.35

MB-I3; Xc,0 = 0.14 0.021 2.68 0.029 0.029 -10.7 -4.03 41.5 0.052 −5.1 × 10−10 1.30
0.015 3.06 0.029 0.029 -10.9 -4.78 41.5 0.046 +3.6 × 10−10 1.07

aMB-C and MB-I refer to the cases of continuous magnetic braking and interrupted magnetic braking, respectively, and the number immediately
following (3) corresponds to the value of the dimensionless braking exponent γ. Xc,0 refers to the value of X at the center of the donor at the onset
of mass transfer.

bNote that in some cases two values of M2 are given because there are two times during the evolution when Porb = 43 minutes is attained. For
the case of MB-I, the value quoted corresponds only to that phase of the evolution after magnetic braking has been halted.

cThe age is measured from the onset of mass transfer.
dHydrogen abundance averaged over the mass of the donor.
eThe mass-transfer rate expressed in units of M� yr−1.
fThe value of Pmin is expressed in minutes and corresponds to the actual minimum orbital period of the evolutionary track.
gNormalized orbital period time derivative in units of yr−1.
hApproximate thermal bloating factor for a homogeneous chemical composition.

P� @ 3=3349 k] � @Dl
� � � k]

�
� @Dl

� � � P �
* 3=3338:+4 . [,

� � � P � =

Qrwh wkdw wkh dqjxodu eudfnhwv ghqrwh d pdvv0zhljkwhg
dyhudjh/ dqg ] � dqg D duh wkh dwrplf qxpehu dqg
dwrplf zhljkw/ uhvshfwlyho|/ ri hdfk ri wkh fkhplfdo frq0
vwlwxhqwv ri wkh grqru vwdu1 Wkh uljkwprvw h{suhvvlrqv
iru P �
� dqg P� duh iru remhfwv frpsrvhg ri K dqg
Kh rqo|1 Dovr i lv wkh wkhupdo _eordwlqj idfwru% gh0
�qhg dv wkh udwlr ri wkh dfwxdo grqru udglxv wr lwv }hur0
whpshudwxuh udglxv +l1h1/ i @ U � @U � ,1 Wkh Hjjohwrq
h{suhvvlrq grhv d yhu| jrrg mre ri pdwfklqj wkh udgll ri
wkh }hur0whpshudwxuh +k|gurvwdwlf, prghov ri ]dsrovn|
) Vdoshwhu +4<9<,1

Wkh prghov ri ]dsrovn| ) Vdoshwhu zhuh fdofxodwhg
edvhg rq dq htxdwlrq ri vwdwh +HRV> Vdoshwhu ) ]dsro0
vn| 4<9:, ri }hur0whpshudwxuh pdwwhu wkdw lqfoxghg wkh
frqwulexwlrqv iurp duelwudulo| uhodwlylvwlf dqg ghjhqhu0
dwh hohfwurqv dv zhoo dv pdq| qrq0lghdo h�hfwv gxh wr wkh
orqj0udqjh dqg vkruw0udqjh lqwhudfwlrqv dprqj hohfwurqv
dqg lrqv1 Zh kdyh uhsurgxfhg wkh ]dsrovn| ) Vdoshwhu
prghov xvlqj wkhlu }hur0whpshudwxuh HRV dqg frqfoxgh
wkdw wkh Hjjohwrq h{suhvvlrq +jlyhq e| htxdwlrqv ^6` dqg
^7`, lv w|slfdoo| dffxudwh wr zlwklq � 4( ryhu d pdvv
udqjh ri 3=336 � 3=4 P � 1

Li zh qrz frpelqh htxdwlrqv +5, dqg +6, zh �qg

S �4�B� @ 3=:9<+4 . [,
� � � i � � �

�

P �
P �

� �^�
j+P � > [,

� � � > +8,

zkhuh S �4�B� lv lq xqlwv ri plqxwhv1 Li zh nqhz wkh ydoxh ri
[ dqg wkdw ri wkh eordwlqj idfwru/ i / zh frxog ghgxfh P �
iurp wkh phdvxuhg ruelwdo shulrg dorqh1 Dv dq h{dpsoh/
wdnh S �>�{� @ 76 plq/ [ @ 3/ dqg i @ 4> wkdw lv/ d frp0
sohwho| ghjhqhudwh/ k|gurjhq0h{kdxvwhg grqru1 Vroylqj
htxdwlrq +8, iru P � |lhogv � 3=345 P � 1 Iru uhodwlyho|
vpdoo ydoxhv ri [ / wkh grqru pdvv vfdohv dssur{lpdwho|
dv +4 . [,

� � � i � � � +vhh ht1 +8,,1
Wkh phdvxuhg pdvv ixqfwlrqv ^I +P,` ri wkh v|vwhpv ri

lqwhuhvw +vhh {4 iru wkh qxphulfdo ydoxhv, surylgh dqrwkhu

fuxfldo slhfh ri lqirupdwlrq/ exw lqwurgxfh wzr rwkhu xq0
nqrzq txdqwlwlhv lqwr wkh sureohp=

I +P, @
P

�
� vlq

�
l

+P � . P � ,
� > +9,

qdpho|/ wkh pdvv ri wkh qhxwurq vwdu +P � , dqg wkh ruelwdo
lqfolqdwlrq dqjoh/ l1 Edvhg rq vwxglhv ri qhxwurq vwduv
lq rwkhu elqdu| v|vwhpv +h1j1/ Mrvv ) Udssdsruw 4<:9>
Wkruvhww ) Fkdnudeduw| 4<<<> Edu}ly hw do1 5334, zh
kdyh d uhdvrqdeoh h{shfwdwlrq wkdw P � lv olnho| wr olh lq
wkh udqjh ri � 4=6 � 4=; P � 1

Iru rxu �uvw dqdo|vlv ri wkh grqru pdvvhv lq wkh wzr
ploolvhfrqg [0ud| sxovdu v|vwhpv/ dv zhoo dv ri wkh txdq0
wlw| +4 . [,

� � � i / zh dgrsw d pdvv iru wkh qhxwurq vwdu
ri P � @ 4=7 P � 1 Lq d vxevhtxhqw dqdo|vlv/ zh frqvlghu
d zlghu udqjh ri qhxwurq vwdu pdvvhv~xs wr 5 P � 1 Iru
wkh lqfolqdwlrq dqjoh zh dvvxph dq d sulrul suredelolw|
iru �qglqj wkh v|vwhp zlwk dq lqfolqdwlrq dqjoh l ri

gs+l,

gl
@ vlq l = +:,

Wr d jrrg dssur{lpdwlrq/ iru vpdoo ydoxhv ri P �

P � * I +P, � � � P
� � ��

vlq l
= +;,

Qrwh wkdw zh gr vroyh htxdwlrq +9, h{dfwo| iru P � iru
wkh uhvxowv suhvhqwhg lq Iljv1 8 dqg 91 Htxdwlrqv +9,
dqg +:, doorz xv wr ghwhuplqh wkh fxpxodwlyh suredelo0
lw| wkdw wkh grqru*v pdvv lq d sduwlfxodu v|vwhp kdv d
ydoxh � P � +iru dq dvvxphg ydoxh ri P � ,

�
1 D vlplodu

w|sh ri dqdo|vlv fdq eh dssolhg wr wkh eordwlqj idfwru
� ��=>5R/`5
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��* 5�&�7K24)R)R/,)�E 2436b�/,3Z5�&�2>9 2 0�24365
* +1T�E 243^A42>E T/ � * V /�V : ������ 
 �
V'a^&/�b�36/,/$9�+1T�36A>/]* )<5�&/�� &{=�* 9>5^0�36=>U�24U�* E * 5B(��]5
&�2$5^U�=>5
&�I�=�9=>3R)��Z=�T�E I &�2$A>/`2$5.E /$24)655
&�245`782>)R)$� )R/,/]5�&/]5R/�D5`W =>3.I�/,5
2�* E )(�
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��a��eJ�L4P �L��{g>d�� � 3R/,I +1T3RA>/�����* 5�& 0�24365
* +1T�E 243]A>2>E T�/,) =�W��6L�� ���	�  � ��: ��&/,3R/ � * )]5
&�/�&�(�I�3R=>b>/$9 24U�T�9I�2>9+1/ U�( 7K24)R) 2>9�I�� * )`5�&/K5�&/,3
782�EU�E =�2$5�* 9b W 24+�5
=>31V'a^&/`b>3R/,/19�+1T�36A>/`+1=>363R/,)R0�=�9I�)<5
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Table 3. Inferred Ranges of Physical Properties

Propertya M1 (M�)b J0929-314c J1751-305c Jointc Modelsd

M2 (M�) 1.4 0.012 — 0.048 0.014 — 0.046 0.012 — 0.023 0.013 — 0.06
2.0 0.015 — 0.061 0.017 — 0.058 0.015 — 0.029 0.013 — 0.06

R2 (R�) 1.4 0.042 — 0.070 0.044 — 0.066 0.042 — 0.052 0.045 — 0.07
2.0 0.047 — 0.074 0.048 — 0.072 0.047 — 0.058 0.045 — 0.07

(1 + X)5/3 f 1.4 1.00 — 2.21 1.07 — 2.10 1.00 — 1.42 1.05 — 2.4
2.0 1.12 — 2.54 1.21 — 2.42 1.12 — 1.62 1.05 — 2.4

aPhysical properties include the mass (M2) and radius (R2) of the donor (secondary), and a term [(1 + X)5/3
f ] dependent on a combination of

its hydrogen abundance (X) and thermal bloating factor (f ). See the text for more details.
bMass of the neutron-star primary (M1) in units of solar masses.
cApproximate 95%confidence intervals for the systems J0929-314 and J1751-305. The interval corresponding to ‘Joint’ is based on an assumed

compound probability for both systems.
dApproximate range of properties inferred from our evolutionary models at Porb = 43 minutes. Note that only post-minimum-period models (i.e.,

those with increasing values of Porb) are included in this range.

i +dowkrxjk qrw frpsohwho| lqghshqghqw ri [,1 Zlwk
wkh frqvwudlqw lpsrvhg e| ht1 +8, dqg nqrzlqj S �1�$� iru
hdfk v|vwhp/ zh fdq dovr ghwhuplqh wkh dssur{lpdwh fx0
pxodwlyh suredelolw| wkdw wkh txdqwlw| +4 . [,

� � � i lv
juhdwhu wkdq d sduwlfxodu ydoxh1 Wr dffrpsolvk wklv/ zh
lq hvvhqfh vhw [ � 3 lq wkh j+P � > [, whup ri ht1 +7,
e| uhtxlulqj wkdw P� @ 3=3338: P � +l1h1/ ] � @ 5 dqg
D @ 7,1 Wklv lv d uhdvrqdeoh dssur{lpdwlrq jlyhq wkdw
wkh +4 . [,

� � � whup grplqdwhv ryhu wkh j+P � > [, whup
lq wkh olplw ri [ ?? 41 Iru h{dpsoh/ hyhq li [ zhuh dv
odujh dv 314 +zklfk zh eholhyh wr eh xqolnho| edvhg rq wkh
frpsxwhg prghov dqg jlyhq wkh suredelolw| frqvwudlqwv
rq wkh grqru*v pdvv,/ wkh uhodwlyh huuru lq wkh ydoxh ri
wkh fxpxodwlyh suredelolw| lv dw prvw rqo| d ihz shufhqw1

Fxpxodwlyh suredelolw| glvwulexwlrqv iru P � iru erwk
[WH M3<5<0647 dqg [WH M4:840638 duh vkrzq lq Iljxuh
8d/ zkloh wkh fruuhvsrqglqj glvwulexwlrqv iru wkh txdqwlw|

+4 . [,
� � � i duh vkrzq lq Iljxuh 8e1 Lq erwk fdvhv/ wkh

dgrswhg pdvv iru wkh qhxwurq vwdu lv 4=7 P � 1 Iru [WH
M3<5<0647 wkh orzhvw doorzhg grqru pdvv lv 3=345 P � /
zkloh iru [WH M4:840638 lw lv 3=347 P � 1 Iljxuh 8d vkrzv
wkdw wkh <8( frq�ghqfh xsshu olplwv rq wkh pdvvhv ri
wkh grqruv ri wkhvh wzr v|vwhpv duh � 3=37; P � dqg
� 3=379 P � / uhvshfwlyho|1 Vlploduo| wkh <8( frq�ghqfh
olplwv iru +4. [,

� � � i duh 515 iru [WH M3<5<0647 dqg 514
iru [WH M4:8406381 Wkh orzhu olplw rq +4 . [,

� � � i iru
wkh odwwhu v|vwhp lv 413: +vhh Wdeoh 6 iru d pruh frpsohwh
vhw ri gdwd dqg wkh vxppdu| ri dq dqdo|vlv wkdw zdv
fduulhg rxw iru d 5=3 P � qhxwurq vwdu,1

Lq dgglwlrq wr wkhvh glvwulexwlrqv/ zh kdyh fduulhg rxw
dq dqdo|vlv iru wkh fxpxodwlyh mrlqw suredelolw| glvwule0
xwlrq ri P � dqg ri +4 . [,

� � � i xqghu wkh dvvxpswlrq
wkdw wkh qhxwurq vwdu pdvv lq erwk v|vwhpv lv wkh vdph1
Wklv mrlqw glvwulexwlrq lq P � uhsuhvhqwv wkh suredelolw|
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wkdw wkh pdvv ri wkh grqru vwdu lq erwk v|vwhpv h{fhhgv d
jlyhq ydoxh ri P � / dqg vlploduo| iru wkh mrlqw glvwulexwlrq
ri +4 . [,

� � � i 1 Wkhvh mrlqw suredelolw| glvwulexwlrqv duh
vxshusrvhg rq wkh uhvshfwlyh judskv ri vlqjoh suredelolw|
glvwulexwlrqv1 Wkh <8( frq�ghqfh olplwv iru d fdqrqlfdo
4=7 P � qhxwurq vwdu rq P � dqg +4 . [,

� � � i duh=

P � � 3=356P � +<,

4 � +4 . [,
� � � i � 4=75 = +43,

Iru [ @ 3/ wklv fruuhvsrqgv wr dq xsshu olplw rq wkh
eordwlqj idfwru i ri � 4=7/ zkloh li zh dgrsw d ydoxh
ri [ @ 3=4 +d uhdvrqdeoh pd{lpxp iru wkh k|gurjhq
dexqgdqfh edvhg rq rxu frpsxwhg prghov ^vhh {5`,/ wkh
xsshu olplw rq wkh eordwlqj idfwru lv � 4=51 D pruh
ghwdlohg frpsdulvrq ri wkhvh uhvxowv +iru erwk 417 P �
dqg 513 P � qhxwurq vwduv, zlwk wkh hyroxwlrqdu| prghov
fdq eh irxqg lq Wdeoh 61

Frqvwudlqwv dprqj wkh sdudphwhuv P � / i / dqg [ duh
ixuwkhu h{soruhg lq Iljxuh 91 Lq wklv �jxuh/ wkh uhodwlrq0
vklsv dprqj wkhvh sdudphwhuv duh vroyhg lpsolflwo| xvlqj
rxu }hur0whpshudwxuh prghov wkdw zhuh frpsxwhg zlwk

wkh 590sdudphwhu HRV ri Vdoshwhu ) ]dsrovn| +4<9:,1 Lq
frqwudvw wr wkh vhpl0dqdo|wlf dssurdfk wkdw zdv dgrswhg
lq Iljxuh 8/ qr frqvwudlqwv ru dssur{lpdwlrqv zhuh lp0
srvhg rq wkh fdofxodwlrqv iru [ vkrzq lq Iljxuh 91 Dv
phqwlrqhg suhylrxvo|/ wkhvh prghov |lhog udgll yhu| vlp0
lodu wr wkrvh suhglfwhg e| wkh udglxv0pdvv uhodwlrq jlyhq
e| htv1 +6, ) +7,1 Wkh uhodwlrqvklsv ehwzhhq [ dqg P �
iru frqvwdqw ydoxhv ri i iru [WH M3<5<0647 dqg [WH
M4:840638 duh vkrzq lq Iljxuhv 9d dqg 9f/ uhvshfwlyho|1
Qrwh wkdw wkh uhjlrq wr wkh xsshu ohiw ri wkh i @ 4 fxuyh
lq wkh [ � P � sodqh ri erwk �jxuhv lv xqsk|vlfdo +dv0
vxplqj wkdw wkh grqruv duh frpsrvhg vroho| ri k|gurjhq
dqg kholxp,1 Iljxuhv 9e dqg 9g vkrz wkh fruuhvsrqglqj
uhodwlrqv ehwzhhq [ dqg i 1

Wkh ydoxhv ri [/ P � / dqg i fdq eh frqvwudlqhg xv0
lqj vwdwlvwlfdo lqihuhqfh lq frqmxqfwlrq zlwk wkh phdvxuhg
pdvv ixqfwlrq dqg d vshfl�f ydoxh iru P � 1 Dvvxplqj wkdw
wkh lqfolqdwlrq dqjoh lv udqgrpo| glvwulexwhg +dv jlyhq e|
htxdwlrq ^:` dqg jlyhq wkh fdyhdwv frqfhuqlqj frqvwudlqwv
rq l,/ d suredelolw| dqdo|vlv doorzv xv wr vlpxowdqhrxvo|
sodfh frqvwudlqwv rq wkh k|gurjhq dexqgdqfh dqg wkhu0
pdo eordwlqj idfwru ri wkh grqru1 Iru looxvwudwlyh sxu0
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srvhv/ zh wdnh d uhsuhvhqwdwlyh udqjh iru wkh pdvv ri wkh
qhxwurq vwdu wr eh 4=7 � P � @P � � 5=31 Wkh uhvxowv
ri wklv dqdo|vlv duh vkrzq iru [WH M3<5<0647 dqg [WH
M4:840638 lq Iljxuhv 9e dqg 9g/ uhvshfwlyho|1 Wkh vrolg
dqg gdvkhg fxuyhv/ gh�qhg e| wkh yduldeoh S / duh sure0
delolw| frqwrxuv dqg fruuhvsrqg wr wkh orzhu dqg xsshu
olplwv ri rxu uhsuhvhqwdwlyh udqjh ri qhxwurq vwdu pdvvhv/
uhvshfwlyho|1 Iru d jlyhq frqwrxu/ zh fdq vwdwh zlwk d
ghjuhh ri frq�ghqfh htxdo wr S wkdw wkh ydoxhv ri i dqg
[ pxvw olh wr wkh orzhu ohiw ri wkh fruuhvsrqglqj fxuyhv
lq wkh i � [ sodqh1 Iru h{dpsoh/ dw S @ <3(/ dqg
wdnlqj wkh pdvv ri wkh qhxwurq vwdu wr eh htxdo wr wkh
fdqrqlfdo ydoxh ri 4=7 P � / zh fdq frqfoxgh wkdw i iru
[WH M4:840638 pxvw eh ohvv wkdq 41:1 Iru qrq0}hur ydo0
xhv ri wkh k|gurjhq dexqgdqfh/ wkh xsshu olplw rq i
zrxog eh hyhq vpdoohu1 Hyhq li wkh grqru zhuh ixoo| hohf0
wurq ghjhqhudwh/ wkh pd{lpxp k|gurjhq dexqgdqfh wkdw
zrxog eh shuplwwhg lv rqo| � 3=71 Li wkh pdvv ri wkh qhx0
wurq vwdu zhuh vljql�fdqwo| odujhu wkdq 4=7 P � / wkhq wkh
frqvwudlqwv rq i dqg [ zrxog eh vrphzkdw ohvv vhyhuh1
Wkhvh uhvxowv duh frqvlvwhqw zlwk wkh rqhv ghulyhg iurp
Iljxuh 81

Wkh uhvshfwlyh suredelolw| frqwrxuv duh dovr sorwwhg +dv
gdvkhg olqhv, rq Iljxuhv 9d/ f iru d qhxwurq vwdu zkrvh
pdvv lv 4=7 P � 1 Qrwh wkh vwurqj frqvwudlqwv sodfhg rq
wkh grqru*v pdvv/ lwv wkhupdo eordwlqj idfwru/ dqg lwv k|0
gurjhq dexqgdqfh dw d <8( ghjuhh ri frq�ghqfh +vhh dovr
Iljxuh 8,1 Iru wklv ghjuhh ri frq�ghqfh +dqg dvvxplqj d
4=7 P � frpsdqlrq,/ zh vhh wkdw wkh pdvv ri wkh grqru lv
lq wkh udqjh ri 3=345 � P � @P � � 3=3771 Wklv udqjh ri
pdvvhv lv lq djuhhphqw zlwk vhyhudo ri wkh hyroxwlrqdu|
prghov glvfxvvhg lq wkh suhylrxv vhfwlrq +vhh Wdeoh 6,1 Wr
dffrpprgdwh wklv pdvv udqjh zh uhtxluh wkdw wkh grqru
eh yhu| k|gurjhq0ghsohwhg +w|slfdoo| k[l � 3=4 e| wkh
wlph wkdw wkh ruelwdo shulrg kdv ehhq uhgxfhg wr derxw
rqh krxu,1 Wkh dfwxdo ydoxhv ri i iru rxu prgho grqruv
wkdw duh qrw |hw ixoo| pl{hg +l1h1/ krprjhqhrxv, duh wh0
glrxv wr txdqwli| ehfdxvh zh zrxog kdyh wr fdofxodwh lq0
glylgxdo }hur0whpshudwxuh prghov zlwk h{dfwo| wkh vdph
lqwhuqdo fkhplfdo sur�ohv> exw/ lw lv fohdu wkdw ydoxhv ri
i xvxdoo| gr qrw idoo ehorz � 4=4 +dw S �1�$� @ 76 plqxwhv,
xqohvv wkh grqru pdvvhv duh yhu| orz +� 3=348 P � > vhh
Wdeohv 4 ) 5,1 Ydoxhv ri i wkdw duh vljql�fdqwo| odujhu
wkdq xqlw| lqglfdwh wkdw wkh grqruv kdyh qrw kdg hqrxjk
wlph wr vkhg wkhlu wkhupdo hqhuj| +dovr vhh wkh glvfxv0
vlrq lq {5,1 Wkh frrolqj wlphvfdohv ri lvrodwhg orz0pdvv
+� 3=4 P � , Kh ZGv duh w|slfdoo| pruh wkdq vhyhudo elo0
olrq |hduv +vhh/ Udssdsruw hw do1 4<;:/ Kdqvhq ) Sklqqh|
4<<;,1 Wkh orzhvw ydoxh ri i wkdw zh zhuh deoh wr lqihu
iurp wkh prghov +dw S �$�$� @ 76 plqxwhv, zdv i * 4=37 dqg
wkdw fruuhvsrqghg wr dq hyroxwlrq gulyhq e| judylwdwlrqdo
udgldwlrq dorqh +diwhu wkh fhvvdwlrq ri pdjqhwlf eudnlqj,
dqg wkh pdvv ri wkh grqru zdv qhdu ru ehorz +ghshqglqj
rq wkh pdvv ri wkh qhxwurq vwdu, wkh ydoxh doorzhg e|
wkh phdvxuhg pdvv ixqfwlrqv ri wkh wzr v|vwhpv1 Rq wkh
rwkhu kdqg/ vrph ri rxu prghov kdg eordwlqj idfwruv wkdw
h{fhhghg 613> exw lq wkrvh fdvhv/ wkh odujh pdvv ri wkh
grqru pdgh wkh prghov kljko| lpsuredeoh1

Wkhvh uhvxowv duh vx�flhqwo| frqvwudlqlqj wkdw wkh| do0
orz xv wr frpphqw rq wkh lpsruwdqfh ri [0ud| luudgld0
wlrq rq wkh +suhvhqw0gd|, vwuxfwxuh ri wkh grqruv lq wkh
wzr v|vwhpv1 Edvhg rq wkh wkhruhwlfdoo| suhglfwhg pdvv0
wudqvihu udwhv ri � 43 ����� P � |u ��� +vhh Iljxuhv 4e dqg 5e
iru grqru pdvvhv ri � 3=35 P � ,/ zh zrxog h{shfw wkdw d

frslrxv �x{ ri [0ud|v vkrxog eh surgxfhg e| wkh dffuhw0
lqj qhxwurq vwdu1 Dvvxplqj dq lvrwurslf glvwulexwlrq ri
udgldwlrq dqg nqrzlqj wkh vrolg dqjoh vxewhqghg e| wkh
grqru/ zh fdq fdofxodwh wkh pd{lpxp lqwhjudwhg [0ud|
oxplqrvlw| wkdw frxog eh lqwhufhswhg e| wkh grqru1 Df0
fruglqj wr rxu prghov wklv lqwhufhswhg oxplqrvlw| frxog
eh z 4O � 1 Wklv lv jhqhudoo| vhyhudo rughuv ri pdjqlwxgh
kljkhu oxplqrvlw| wkdq wkh grqru zrxog eh udgldwlqj li
lw zhuh qrw h{srvhg wr wkh [0ud| udgldwlrq +vhh Wdeohv 4
) 5,1 Vxfk d odujh dprxqw ri [0ud| luudgldwlrq vkrxog
juhdwo| lqfuhdvh wkh wkhupdo hqhuj| ri wkh rxwhu od|huv
dqg frxog srvvleo| ohdg wr d vljql�fdqw hqkdqfhphqw ri
wkh eordwlqj idfwru i +iru d ghwdlohg dqdo|vlv ri h�hfwv ri
[0ud| khdwlqj rq orz0pdvv frpsdqlrqv vhh/ iru h{dpsoh/
Srgvldgorzvnl 4<<4> Wdydql ) Orqgrq 4<<6> Kdphxu| hw
do1 4<<6> Kdusd} ) Udssdsruw 4<<8> Ulwwhu/ ]kdqj )
Nroe 5333/ dqg uhihuhqfhv wkhuhlq,1 Dv glvfxvvhg deryh/
wkh revhuydwlrqdo hylghqfh lqglfdwhv wkdw lw lv qrw yhu|
olnho| wkh eordwlqj idfwru h{fhhgv ydoxhv ri � 4=7 +vhh
wkh cmrlqw dqdo|vlv* ri Iljxuh 8,1 Pruhryhu/ li wkh ghwhf0
wlrq ri k|gurjhq lq [WH M3<5<0647 lv fruuhfw/ wkh pd{0
lpxp olnho| eordwlqj idfwru zrxog eh frqvlghudeo| ohvv1
Rq wkh rwkhu kdqg/ dffruglqj wr rxu prvw idyruhg hyrox0
wlrqdu| prghov +l1h1/ wkrvh iru zklfk P � � 3=356 P � dqg

m bP � m z 43 ����� P � |u �^� ,/ i kdv w|slfdoo| qrw ghfuhdvhg
wr d ydoxh pxfk vpdoohu wkdq � 4=6 ~ zlwkrxw dq| [0
ud| khdwlqj h�hfwv ehlqj lqfoxghg1 Vlqfh wkh revhuyd0
wlrqdo xsshu olplw dqg wkh wkhruhwlfdo orzhu olplw rq wkh
eordwlqj idfwru duh qrw yhu| gl�huhqw/ wklv lpsolhv wkdw
[0ud| khdwlqj lv uhodwlyho| xqlpsruwdqw zlwk uhvshfw wr
hqkdqflqj wkh udglxv ri wkh grqru +dw wkh suhvhqw hsrfk,1
Zh fdqqrw hqylvlrq d vlwxdwlrq zlwklq wkh frqwh{w ri wkh
UORI prgho zkhuhlq [0ud| luudgldwlrq zrxog dfwxdoo|
ghfuhdvh wkh vl}h ri wkh grqru ehorz wkdw lqihuuhg iurp
rxu hyroxwlrqdu| prghov vlqfh [0ud| luudgldwlrq vkrxog
ohdg wr wkh ghsrvlwlrq ri hqhuj| lq wkh dwprvskhuh dqg
hqyhorsh ri wkh grqru wkhuhe| lqfuhdvlqj lwv whpshudwxuh
dqg lqklelwlqj lwv delolw| wr frro wkh fruh uhjlrq1 Ixu0
wkhupruh/ wkhuh lv qr qhhg wr lqyrnh [0ud| khdwlqj +h{0
fhsw shukdsv li wkh grqru lv d KhFR ZG, wr dghtxdwho|
h{sodlq doo ri wkh revhuyhg surshuwlhv ri wkhvh wzr plo0
olvhfrqg sxovdu elqdulhv1

Dvvxplqj wkdw wkh grqru kdv hyroyhg dffruglqj wr wkh
UORI prgho dqg wkdw [0ud| luudgldwlrq kdv qrw frq0
wulexwhg vljql�fdqwo| wr wkh eordwlqj ri wkh grqru/ zh
pxvw uhfrqfloh wklv uhvxow zlwk wkh srwhqwldoo| odujh �x{
ri [0ud|v +h1j1/ A 43 � � hujv fp � � vhf ��� , wkdw frxog eh lq0
whufhswhg e| wkh grqru1 Wkhuh duh wzr sulpdu| uhdvrqv
zk| zh pljkw h{shfw wkh h{fhvv eordwlqj gxh wr [0ud|
luudgldwlrq wr eh vpdoo=

+l, [0ud| hfolsvhv duh yhu| uduh lq OP[Ev dqg wkxv lw
lv sodxvleoh wkdw wkh dffuhwlrq glvnv lq pdq| OP[Ev hi0
ihfwlyho| suhyhqw wkh [0ud| udgldwlrq iurp uhdfklqj wkh
grqru +vhh Plojurp ^4<:9` iru dq hduo| glvfxvvlrq ri
hfolsvh suredelolwlhv lq OP[Ev,1 Vlqfh wkh dqjoh vxe0
whqghg e| wkh grqru +zlwk uhvshfw wr wkh qhxwurq vwdu,
lv dssur{lpdwho| htxdo wr 3=79+P � @P � , ��� � udgldqv +iru
P � ?? P � ,/ h{wuhpho| orz0pdvv grqruv vxfk dv wkh rqhv
lq [WH M3<5<0647 dqg [WH M4:840638 zrxog vxewhqg
dqjohv ri rqo| 8 wr 43 ghjuhhv1 Wklv pd| eh ohvv wkdq wkh
rshqlqj dqjoh ri wkh glvn1 Pruhryhu/ wkh lqwhqvh [0ud|
khdwlqj h{shulhqfhg e| wkh glvn suredeo| surgxfhv dq h{0
whqghg glvn dwprvskhuh +h1j1/ dq _dffuhwlrq glvn frurqd%>
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Zklwh ) Krow 4<;5, wkdw h�hfwlyho| eorfnv prvw ri wkh
udgldwlrq iurp gluhfwo| uhdfklqj wkh grqru*v vxuidfh1

+ll, Ehfdxvh wkh grqru lv orfnhg lqwr d v|qfkurqrxv
ruelw gxh wr wkh h�flhqf| ri wlgdo lqwhudfwlrqv/ dssur{l0
pdwho| 425 ri wkh vxuidfh duhd ri wkh grqru zloo dozd|v
idfh wkh qhxwurq vwdu frpsdqlrq +l1h1/ wkh krw0vlgh2frog0
vlgh prgho,1 Li wkh flufxodwlrq wlphvfdoh lq wkh hqyhorsh
ri wkh grqru lv vx�flhqwo| orqj +shukdsv d odujh vxshudgl0
dedwlf }rqh h{lvwv wkdw h�hfwlyho| suhyhqwv wkh wudqvsruw
ri khdw lqzdugv dqg d}lpxwkdoo|,/ wkhq lw pljkw eh srv0
vleoh wkdw wkh h�hfwv ri wkh [0ud| ghsrvlwlrq duh plqlpdo
+vhh/ h1j1/ Kdphxu| hw do1 4<<6/ Kdusd} ) Udssdsruw
4<<8> dqg/ Ulwwhu/ ]kdqj/ ) Nroe 5333,1 Vshfl�fdoo|/ lq
wkdw fdvh/ wkh lqwhuqdo khdw ri wkh grqru frxog _ohdn% rxw
ri wkh frog vlgh ri wkh vwdu1

Li fdvh +l, lv fruuhfw/ wkhq wkh uhvxowv ri wkh hyroxwlrq0
du| fdofxodwlrqv suhvhqwhg lq {5 vkrxog eh txlwh dffx0
udwh1 Li fdvh +ll, dssolhv/ wkhq d pruh ghwdlohg dqdo|vlv
lv uhtxluhg1 Wkh juhdwhvw h�hfw zrxog suredeo| eh rq
wkh wudqvlwlrq pdvv iru zklfk frpsohwh frqyhfwlrq rf0
fxuv dqg wklv lq wxuq zrxog d�hfw wkh vxuidfh k|gurjhq
dexqgdqfh1 Qrqhwkhohvv/ edvhg rq rxu suredelolw| dqdo|0
vlv ri wkh hpslulfdo gdwd/ zh h{shfw wkdw [0ud| luudgldwlrq
kdv d plqlpdo h�hfw rq hqkdqfhphqw ri wkh udglxv ri wkh
suhvhqw0gd| grqruv ri wkh wzr ploolvhfrqg sxovduv1

D� t�66Bi+ BAa WNAW,�t�NAt

Wkhuh duh d qxpehu ri yldeoh hyroxwlrqdu| vfhqdulrv
wkdw fdq ohdg wr wkh irupdwlrq ri xowudfrpsdfw elqdu|
ploolvhfrqg sxovduv +vhh/ h1j1/ {4,1 Lq wklv sdshu zh kdyh
irfxvhg rq wkh WDPV~QV vfhqdulr zkhuhlq wkh lqlwldo
frqglwlrqv +dw wkh rqvhw ri pdvv wudqvihu, sodfh wkhp
forvh wr wkh elixufdwlrq olplw1 Pruh vshfl�fdoo|/ wkh
grqru vwdu pxvw frqyhuw d vx�flhqw txdqwlw| ri k|gurjhq
lqwr kholxp lq rughu wr dfklhyh xowudvkruw shulrgv zkloh
pdlqwdlqlqj +frqwlqxrxv, Urfkh0oreh frqwdfw wkurxjkrxw
wkhlu hyroxwlrqdu| klvwrulhv1 Li wkhlu qxfohdu hyroxwlrq h{0
fhhgv d fhuwdlq wkuhvkrog +l1h1/ sxwv wkhp deryh wkh el0
ixufdwlrq olplw,/ wkh| zloo hyhqwxdoo| hyroyh wr ehfrph
+qrq0dffuhwlqj, zlgh elqdu| ploolvhfrqg udglr sxovduv1
Zlwkrxw vljql�fdqw qxfohdu hyroxwlrq/ krzhyhu/ wkh el0
qdu| zloo hyroyh zlwk ghfuhdvlqj ruelwdo shulrgv xqwlo d
shulrg0plqlpxp +ri � ;3 plq1, lv uhdfkhg dqg wkh v|v0
whp zloo wkhq hyroyh edfn wr shulrgv dssurdfklqj wzr
krxuv1 Wkh hyroxwlrq ri wkhvh OP[Ev wkhq uhvhpeohv
wkh surwrw|slfdo hyroxwlrq ri fdwdfo|vplf yduldeohv +prvw
FYv hyroyh lq wklv zd| exw vhyhq kdyh ruelwdo shulrgv ri
ohvv wkdq rqh krxu,1 V|vwhpv vwduwlqj pdvv wudqvihu iurp
qhdu wkh elixufdwlrq olplw +l1h1/ zlwk S �>�{� * 48 ku zrxog
hyroyh wr ehfrph wkh xowudvkruw0shulrg elqdulhv ghvfulehg
lq wklv sdshu1 Wkh uhodwlyh suredelolwlhv ri iruplqj wkhvh
wkuhh gl�huhqw w|shv ri v|vwhpv ghshqgv rq vhyhudo idf0
wruv/ dqg wkhvh duh glvfxvvhg lq {815 ehorz1

Zlwklq wkh frqwh{w ri wkh WDPV~QV vfhqdulr/ zh
kdyh frpsxwhg ghwdlohg elqdu| hyroxwlrq prghov iru [WH
M3<5<0647 dqg [WH M4:840638 +vhh Iljv1 4 ~ 5/ dqg Wd0
eohv 4 ) 5, dqg kdyh vkrzq wkdw/ lq wkh devhqfh ri [0ud|
luudgldwlrq/ d k|gurjhq0ulfk grqru fdq hyroyh wr wkh re0
vhuyhg xowudvkruw ruelwdo shulrgv dv orqj dv wkh grqru
vwdu lv vx�flhqwo| hyroyhg dw wkh rqvhw ri pdvv wudqvihu
+ru e| wkh wlph lw dwwdlqv d orz pdvv/ l1h1/ � 3=4 P � ,1
Wkhvh prghov duh d yhu| qdwxudo h{whqvlrq ri wkh vwdq0
gdug pdlq vhtxhqfh0qhxwurq vwdu sdlulqj wkdw kdyh ehhq
lqyrnhg wr uhsurgxfh wkh revhuyhg surshuwlhv ri OP[Ev1

Zh kdyh xvhg wkhvh prghov wr pdnh vshfl�f suhglfwlrqv
dv wr wkh surshuwlhv ri wkh grqru vwdu dw wkh fxuuhqw
hsrfk +vhh Iljv1 6 ~ 7, dqg/ lq sduwlfxodu/ wr vxjjhvw
wkdw wkh grqruv zloo eh frpsrvhg ri d vpdoo/ exw srvvl0
eo| revhuydeoh/ iudfwlrq ri k|gurjhq1 Zh kdyh dovr xwl0
ol}hg d suredelolw| dqdo|vlv lq frqmxqfwlrq zlwk erwk wkh
phdvxuhg pdvv ixqfwlrqv dqg rxu hyroxwlrqdu| prghov
wr vkrz wkdw wkh grqru vwduv duh olnho| wr kdyh pdvvhv
ri � 3=35 P � / udgll ri � 3=38 U � / vxuidfh k|gurjhq
dexqgdqfhv ri [ $ � 3=4/ dqg wkhupdo eordwlqj idfwruv ri
4=38 � i � 4=7 +vhh {5 dqg {6/ dqg Wdeohv 4 dqg 5,1 Rxu
hyroxwlrqdu| fdofxodwlrqv doorz iru d zlgh udqjh ri lqlwldo
pdvvhv dqg phwdoolflwlhv iru wkh grqru/ dqg gr qrw uh0
txluh wkdw wkh h{dfw sk|vlfdo ghvfulswlrq ri wkh pdjqhwlf
eudnlqj wrutxhv +dqg2ru wkh fhvvdwlrq ri PVZ eudnlqj,
rq wkh ruelw eh �qh wxqhg1 Wkh suhvhqfh ri k|gurjhq
zrxog eh d nh| glvfulplqdqw iru ghwhuplqlqj wkh ydolg0
lw| ri wkh WDPV~QV hyroxwlrqdu| vfhqdulr/ dqg d suhflvh
phdvxuhphqw frqvwudlqlqj lwv ydoxh zrxog eh h{wuhpho|
khosixo lq dffhohudwlqj wkhruhwlfdo surjuhvv1

Dffruglqj wr wkh WDPV~QV vfhqdulr lw vkrxog eh
qrwhg wkdw zkloh wkh grqruv lq [WH M3<5<0647 dqg lq
[WH M4:840638 duh orz0pdvv remhfwv/ wkh| fdqqrw wuxo|
eh frqvlghuhg dv k|gurjhq +ru kholxp, eurzq gzduiv/
ru hyhq dv +frog, ghjhqhudwh gzduiv1 Wkhlu suhvhqw0gd|
surshuwlhv kdyh odujho| ehhq glfwdwhg e|= +l, wkhlu sulru
qxfohdu hyroxwlrq> dqg/ +ll, wkh udwh dw zklfk wkh| zhuh
vwulsshg ri pdvv e| wkhlu qhxwurq vwdu frpsdqlrqv1 Df0
fruglqj wr rxu prvw idyruhg prghov iru wkh grqruv lq
wkhvh v|vwhpv/ wkhlu fxuuhqw lqwulqvlf oxplqrvlwlhv vkrxog
eh � 43 � � � 43 � � O � dqg wkhlu udgll vkrxog eh dssur{0
lpdwho| 8( wr 73( odujhu wkdq wkhlu uhvshfwlyh }hur0
whpshudwxuh udgll1 Ghwdlohg sur�ohv ri wkh lqwhulruv ri
wkh grqru vwduv lq vhohfwhg prghov dw ydulrxv vwdjhv lq
wkhlu hyroxwlrq duh vkrzq lq Iljv1 6 dqg 71 Wkh grqruv
vkrxog frqwlqxh wr orvh pdvv +dqg frro, rq d yhu| orqj
wlphvfdoh dqg/ lq wkh surfhvv/ vwduw wr uhvhpeoh sodqhwv1
Li dqg zkhq wkh [0ud| skdvh hqgv/ d ploolvhfrqg udglr
sxovdu pd| wxuq rq dqg vwduw wr hydsrudwh wkh grqru
+vhh/ h1j1/ ydq ghq Khxyho ) ydq Sdudglmv 4<;;,1 Wkh lp0
solfdwlrqv ri wklv srvvlelolw| qhhg wr eh h{dplqhg pruh
fduhixoo|1

Edvhg rq wkh surshuwlhv ri rxu hyroxwlrqdu| prghov/
lw lv olnho| wkdw wkh h�hfwv ri [0ud| khdwlqj duh vpdoo
+lq whupv ri vljql�fdqwo| hqkdqflqj wkh udgll ri wkh wzr
grqru vwduv,1 Wkhuh pd| eh vhyhudo uhdvrqv iru wklv> iru
h{dpsoh/ wkh yhu| vpdoo dqjoh vxewhqghg e| wkh orz0
pdvv grqru pd| eh frpsdudeoh zlwk/ ru vpdoohu wkdq/
wkh rshqlqj dqjoh ri wkh glvn1 Qhyhuwkhohvv/ zh sodq wr
lqyhvwljdwh wkh h�hfwv ri [0ud| ghsrvlwlrq rq wkh hyrox0
wlrq ri wkhvh h{wuhpho| orz0pdvv vwduv lq d ixwxuh sdshu
+Qhovrq ) Udssdsruw 5336d,1 Lq sduwlfxodu/ zh zrxog
olnh wr dvfhuwdlq wkh h{whqw wr zklfk h�flhqw frqyhfwlrq
zrxog eh vxssuhvvhg e| [0ud| khdwlqj dqg wr h{dplqh lwv
ryhudoo lpsdfw rq wkh hyroxwlrq ri wkh pdvv0orvlqj grqru1

8141 VD[ M4;3;170698;

D yhu| lpsruwdqw v|vwhp wkdw pd| eh lqwlpdwho| uh0
odwhg wr wkh wzr xowudvkruw shulrg v|vwhpv lv wkh dffuhwlqj
ploolvhfrqg sxovdu/ VD[ M4;3;170698; +S �$�1� @ 5 ku,1 Wkh
phdvxuhg pdvv ixqfwlrq lv 6=;8�43 � � P � +Fkdnudeduw|
) Prujdq 4<<;, dqg wklv lpsolhv d olnho| grqru pdvv ri
� 3=39 P � +vhh ht1 ;,1 Wkh pdvv ri wkh qhxwurq vwdu
ehfrphv xqwhqdeoh +� 4 P � , li wkh grqru kdv d pdvv
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vpdoohu wkdq � 3=368 P � @+vlq l,1 Lw lv lqwhuhvwlqj wr qrwh
wkdw vrph ri wkh surshuwlhv ri wkh VD[ sxovdu fdq eh
h{sodlqhg xvlqj rxu elqdu| hyroxwlrqdu| vhtxhqfhv1 Iru
h{dpsoh/ frqvlghu wkh [ � @ 3=338 fdvh vkrzq lq Iljxuh
4 +P ��� � @ 4 P � ,1 Lw lv fohdu wkdw zkhq wkh ruelwdo sh0
ulrg htxdov 5 krxuv/ wkh pdvv ri wkh grqru lv uhgxfhg wr
� 3=3< P � dqg wkh fruuhvsrqglqj pdvv0wudqvihu udwh lv
� 6 � 43 ����� P � |u ��� 1

Fkdnudeduw| dqg Prujdq +4<<;, hvwlpdwh wkh pdvv
wudqvihu udwh +edvhg rq uhfxuuhqw rxwexuvwv, wr eh �
43 ���$� P � |u �^� 1 Wklv hvwlpdwh/ edvhg rq wkh dvvxps0
wlrq wkdw doo ri wkh pdvv orvw e| wkh grqru lv dffuhwhg
e| wkh sxovdu +l1h1/ h�flhqw pdvv wudqvihu,/ lv d idfwru ri
63 wlphv vpdoohu wkdq wkh wkhruhwlfdo rqh1 Krzhyhu/ dv
phqwlrqhg suhylrxvo|/ wkh ydoxh ri wkh orqj0whup +vhfx0
odu, dyhudjh udwh ri pdvv wudqvihu rewdlqhg iurp wkh prg0
hov pd| qrw eh uh�hfwlyh ri wkh udwhv lqihuuhg iru wudq0
vlhqw vrxufhv1 Iljxuh 5 vkrzv wkdw dq hyhq zlghu udqjh
ri lqlwldo frqglwlrqv +vwduwlqj zlwk d 418 P � grqru, zloo
ohdg wr wkh irupdwlrq ri d wzr0krxu sxovdu v|vwhp1 Lq
wklv fdvh wkh fxuuhqw0hsrfk grqru pdvv lv wljkwo| frq0
vwudlqhg wr eh derxw 3=45 P � 1 Wkh pdvv0wudqvihu udwh
iurp wkh prghov vsdq dq rughu ri pdjqlwxgh +dyhudj0
lqj � 5 � 43 �^�,� P � |u ��� ,1 Lq wkh zruvw fdvh vfhqdulr/
dvvxplqj d grqru pdvv ri � 3=45 P � dqg d udqjh ri qhx0
wurq vwdu pdvvhv ehwzhhq 4=7 dqg 5=3 P � / zh frqfoxgh
wkdw wkh lqfolqdwlrq dqjoh iru VD[ M4;3;170698; zrxog
eh lq wkh udqjh ri 53

�
� l � 63

�
1 Exw e| dgmxvwlqj

wkh lqlwldo frqglwlrqv dqg pdjqhwlf eudnlqj odz/ zh fdq
uhgxfh wkh grqru pdvv wr d pxfk pruh suredeoh ydoxh
ri � 3=3: P � 1 D vlplodu fodlp zdv pdgh e| Hujpd )
Dqwlsryd +4<<<, zkr irxqg wkdw d 4 P � vwdu qhdu wxuq0
r� frxog eh eurxjkw lqwr Urfkh0oreh frqwdfw dqg hyroyh
wr surgxfh d v|vwhp vlplodu wr wkh VD[ sxovdu1 Wkh|
dovr irxqg wkdw wkh dffuhwhg pdwwhu vkrxog eh kholxp
ulfk +vlploduo|/ vhh rxu Iljxuhv 4f dqg 5f,/ dqg wkh| xvh
wklv uhvxow wr h{sodlq wkh vkruw wrwdo rxwexuvw gxudwlrq
revhuyhg iru wkh vrxufh1

E| frqwudvw/ Nlqj +5334, dujxhv wkdw wkh idlqw wudq0
vlhqw [0ud| vrxufhv lq wkh Jdodfwlf Fhqwhu uhjlrq +ri
zklfk VD[ M4;3;170698; lv rqh, duh olnho| wr eh elqd0
ulhv wkdw kdyh hyroyhg dv frqyhqwlrqdo +k|gurjhq0ulfk,
OP[Ev1 Wkhvh v|vwhpv hyroyh iurp ruelwdo shulrgv rq
wkh rughu ri krxuv dqg uhdfk wkhlu plqlpxp ruelwdo sh0
ulrgv +� ;3 plqxwhv, ehiruh frqwlqxlqj wr hyroyh xs wr
lqfuhdvlqj ruelwdo shulrgv +h1j1/ 5 krxuv,1 Nlqj fodlpv
wkdw wkh srsxodwlrq ri revhuyhg Jdodfwlf Fhqwhu wudq0
vlhqwv duh olnho| wr eh srvw0plqlpxp cOP[Ev* +S �4�B� � ;3
plq1 wr 5 ku, dqg wkdw wklv prgho lv frqvlvwhqw zlwk wkh
orz pdvv0wudqvihu udwhv lqihuuhg iru wkhvh vrxufhv1 Zlwklq
wkh iudphzrun ri wklv vfhqdulr/ kh dovr qrwhv wkdw wkh
hodsvhg hyroxwlrq wlph iru VD[ M4;3;170698; zrxog kdyh
wr eh h{wuhpho| orqj +l1h1/ forvh wr wkh djh ri wkh Jdod{|,1
Exw li wklv vfhqdulr zhuh dfwxdoo| dssolfdeoh wr wkh VD[
sxovdu/ wkhq wkh pdvv ri wkh grqru zrxog kdyh wr eh vr
vpdoo +� 3=36 P � , wkdw lw frxog doprvw fhuwdlqo| eh uxohg
rxw edvhg rq wkh phdvxuhg pdvv ixqfwlrq +rwkhuzlvh wkh
pdvv ri wkh qhxwurq vwdu zrxog kdyh wr eh h{fhhglqjo|
vpdoo,1

8151 H{shfwhg Srsxodwlrq ri Xowudfrpsdfw [0Ud|
Elqdulhv

Dq lpsruwdqw lvvxh wkdw zh kdyh qrw |hw uljrurxvo|
hydoxdwhg frqfhuqv wkh suredelolw| ri fuhdwlqj v|vwhpv

zlwk xowudvkruw shulrgv zlwklq wkh iudphzrun ri wkh
WDPV~QV prgho1 Wklv zrxog hqwdlo fduu|lqj rxw d gh0
wdlohg elqdu| srsxodwlrq v|qwkhvlv +ESV, vwxg|/ zklfk lv
eh|rqg wkh vfrsh ri wkh suhvhqw zrun1 Lq vxfk d vwxg|/
suredelolwlhv duh vshfl�hg iru wkh pdvvhv ri wkh sulpru0
gldo vwhoodu frpsrqhqwv/ wkh lqlwldo elqdu| vhsdudwlrq/ wkh
eluwkudwh iuhtxhqf|/ d khxulvwlf ghvfulswlrq ri wkh sk|vlfv
dvvrfldwhg zlwk frpprq hqyhorshv/ dq dvvxphg glvwule0
xwlrq ri qdwdo nlfnv iru qhxwurq vwduv/ dqg d prgho iru
wkh dqjxodu prphqwxp orvvhv dvvrfldwhg zlwk pdjqhwlf
eudnlqj +vhh/ h1j1/ KQU dqg Sidko/ Udssdsruw/ ) Srg0
vldgorzvnl 5336 iru pruh ghwdlov,1 Dq dffxudwho| shu0
iruphg dqdo|vlv zrxog surylgh wkh uhodwlyh qxpehuv ri
v|vwhpv hyroylqj wr ehfrph zlgh elqdu| udglr ploolvhf0
rqg sxovduv/ ruglqdu| OP[Ev/ dqg xowudfrpsdfw [0ud|
elqdulhv/ uhvshfwlyho|1 Wkh frqwulexwlrqv wr wkh odwwhu
fdwhjru| frplqj iurp wkh WDPV~QV dqg ZG~QV fkdq0
qhov zrxog dovr eh ghulyhg iurp wkh ESV1 Wkh fxuuhqw0
hsrfk srsxodwlrq ri xowudfrpsdfw elqdulhv lqyroyhv wkh
uhodwlyh eudqfklqj udwlrv dprqj wkh ydulrxv fkdqqhov gh0
vfulehg deryh/ dv zhoo dv wkh hyroxwlrq wlphv vshqw lq wkh
xowudfrpsdfw vwdwh uhodwlyh wr wkh wlph vshqw hyroylqj wr
wkdw vwdwh1 Ilqdoo|/ vxfk d ESV vlpxodwlrq zrxog dovr
|lhog wkh devroxwh qxpehuv iru wkh vsdwldo ghqvlw| ri wkh
xowudfrpsdfw elqdulhv1 Ri frxuvh uhfrqflolqj wkh vsdwldo
ghqvlwlhv zlwk wkh revhuyhg ydoxhv zrxog eh vxemhfw wr
vxevwdqwldo vhohfwlrq h�hfwv1

D jrrg �uvw hvwlpdwh ri wkh hyroxwlrqdu| cgzhoo wlph*
vshqw lq wkh xowudfrpsdfw vwdwh yhuvxv wkh wlph vshqw
e| wkh elqdu| hyroylqj wr wkdw vwdwh fdq eh vlpso| h{0
suhvvhg lq whupv ri wkh pdvv0orvv wlphvfdoh +mP � @ bP � m,1
Wklv txdqwlw| lv ghshqghqw rq wkh uhvsrqvh ri wkh grqru
wr pdvv orvv dqg lv w|slfdoo| dssur{lpdwho| htxdo wr wkh
wlphvfdoh dvvrfldwhg zlwk wkh gulyhu ri wkh pdvv wudqv0
ihu1 Iru S �4�B� � 5 ku dqjxodu prphqwxp orvvhv gxh wr
pdjqhwlf eudnlqj duh ri wkh vdph rughu dv wkrvh gxh wr
judylwdwlrqdo udgldwlrq +JU, +ru ohvv h�hfwlyh,/ lq zklfk
fdvh wkh pdvv0orvv wlphvfdoh zloo eh dssur{lpdwho| wkh
vdph dv wkh judylwdwlrqdo udgldwlrq wlphvfdoh=

� ��� �
�

�

�

�

M �$�1�
bM ���

�

�

�

�

* 6 �43
� �

S �1�$�
76 plq

� �� �

P �
P �

� ���
�

�

P �
P �

� ��� �

P �

P �
� ��

|u = +44,

Htxdwlrq +44, ghprqvwudwhv wkh vwurqj ghshqghqfh ri wkh
wlphvfdoh rq wkh ruelwdo shulrg/ dqg d vrphzkdw zhdnhu
ghshqghqfh rq wkh pdvv ri wkh grqru +wkh ghshqghqfh
rq P � dqg P � fdq d�hfw wkh wlphvfdoh e| dw prvw d idf0
wru ri wzr,1 Zh lqihu iurp ht1 +44, wkdw wkh hyroxwlrq0
du| wlphvfdoh iru wkh wzr xowudfrpsdfw ploolvhfrqg [0ud|
sxovduv/ edvhg rq d grqru pdvv ri � 3=35 P � +dqg dv0
vxplqj qr pdjqhwlf eudnlqj,/ lv dssur{lpdwho| rqh J|u1
Wklv cgzhoo wlph* lv vx�flhqwo| odujh wkdw lw vkrxog qrw
eh dq ryhuulglqj idfwru lq glplqlvklqj wkh suredelolw| ri
ghwhfwlrq ri v|vwhpv vxfk dv [WH M3<5<0647 dqg [WH
M4:8406381 Li pdjqhwlf eudnlqj glvvlsdwhg ruelwdo dq0
jxodu prphqwxp e| d idfwru ri/ iru h{dpsoh/ 8 wlphv
juhdwhu wkdq judylwdwlrqdo udgldwlrq/ wkhq wkh gzhoo wlph
zrxog frqfrplwdqwo| eh uhgxfhg e| d idfwru ri 81 Zh
dovr qrwh iurp ht1 +44, wkdw wkh fruuhvsrqglqj gzhoo wlph
iru hyhq vkruwhu ruelwdo shulrg v|vwhpv +h1j1/ S �1�$� � 43
plqxwhv,1 zrxog eh yhu| vkruw olyhg +h1j1/ � 6 � 43

�
|u,1

Edvhg rq d suholplqdu| lqvshfwlrq ri rxu elqdu| hyrox0
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wlrq uhvxowv/ zh qrwh wkdw kljkhu pdvv grqruv +z 4 P � ,
lq orqjhu shulrg elqdulhv duh suredeo| pruh idyruhg lq wkh
WDPV~QV hyroxwlrqdu| vfhqdulr vlpso| ehfdxvh lw wdnhv
dssur{lpdwho| 43 ��� |hduv ehiruh d 4 P � vwdu fdq uhdfk
wkh WDPV1 Vlqfh wkh wrwdo wlph uhtxluhg iru d elqdu| wr
uhdfk d sduwlfxodu hyroxwlrqdu| vwdwh lv wkh vxp ri wklv
suh0pdvv0wudqvihu hyroxwlrq wlph soxv wkh wlph hodsvhg
gxulqj wkh vxevhtxhqw pdvv0wudqvihu +wkh odwwhu wlphv eh0
lqj vkrzq lq Iljv1 4g ) 5g,/ v|vwhpv eruq zlwk orzhu
pdvv grqruv pd| qrw eh deoh wr uhdfk wkh ghvluhg vwdwh
zlwklq wkh djh ri wkh Jdod{|1 Ehfdxvh wkhuh duh pdq|
glphqvlrqv ri sdudphwhu vsdfh wr frqvlghu/ wkh rqo| xq0
eldvhg zd| wr hydoxdwh wkh uhodwlyh suredelolwlhv ri �qg0
lqj xowudfrpsdfw elqdulhv dprqj wkh jhqhudo srsxodwlrq
ri OP[Ev lv yld d elqdu| srsxodwlrq v|qwkhvlv dqdo|vlv

wkdw wdnhv lqwr dffrxqw doo ri wkh lvvxhv dvvrfldwhg zlwk
wkh irupdwlrq dqg hyroxwlrq ri wkhvh v|vwhpv1 Zh duh
fxuuhqwo| xqghuwdnlqj wklv w|sh ri dqdo|vlv +Qhovrq dqg
Udssdsruw 5336e,1

Wklv uhvhdufk zdv vxssruwhg lq sduw e| QDVD xqghu
DWS judqwv QDJ80;69; dqg QDJ8045855 +wr VDU,1 Rqh
ri xv +ODQ, lv vxssruwhg e| wkh Fdqdgd Uhvhdufk Fkdluv
surjudp dqg zrxog olnh wr dfnqrzohgjh wkh �qdqfldo vxs0
sruw ri wkh Qdwxudo Vflhqfhv dqg Hqjlqhhulqj Uhvhdufk
Frxqflo +QVHUF, ri Fdqdgd1 Zh wkdqn wkh uhihuhh iru
khosixo frpphqwv/ dqg dovr wkdqn Mrqdwkdq Ehqmdplq
dqg Huqhvw Gxehdx iru wkhlu whfkqlfdo dvvlvwdqfh dqg
Sklolss Srgvldgorzvnl iru yhu| xvhixo glvfxvvlrqv1
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